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Quantum Hall effect in three-dimensional layered systems
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Using a mapping of a layered three-dimensional system with significant interlayer tunneling onto a spin
Hamiltonian, the phase diagram in the strong magnetic-field limit is obtained in the semiclassical approxima-
tion. This phase diagram, which exhibits a metallic phase for a finite range of energies and magnetic fields, and
the calculated associated critical exponent4/3 agree excellently with existing numerical calculations. The
implication of this work for the quantum Hall effect in three dimensions is discussed.

[S0163-18298)51728-9

The quantum Hall effect is one of the hallmarks of two- tions. In order to describe the different potential landscape in
dimensional electron systerh$ The possibility of the occur-  each layer, we add a randdBy term to the Hamiltonian that
rence of the quantum Hall effect in three dimensions wasiow describes a spi@[ =(N—1)/2] electron moving in two
explored rather early,and precursors of the quantum Hall dimensions,
effect were observed in some three-dimensional sysfems.

The existence of well quantized Hall plateaus was, however, H=(p—eA/c)?2m+U(x,y)+AU(X,y)S,+t(X,y)S.
demonstrated only in three-dimensional layered semiconduc- *

tors with significant interlayer couplimyThese layered sys- FEOGY)S-.. )

tems have attracted significant theoretical interest recentlyfhe second term describes a random potential independent
due to the proposed existence of a metallic phase for a finitef the spin(layen index. The third term accounts for the
range of energies or magnetic fiefisnd a new “chiral”  different potentials for the different spin direction, by a ran-
two-dimensional metallic phase on the surf&cEhe exis- dom shift of the potential between adjacent layéseach
tence of such a metallic phase at the surface was recentlyint of the plang Thus at each point the electron sees a
confirmed experimentally in measurements of the verticabifferent potential in each layebor for each spin direction
conductance;,).® Since the shifd U(x,y) is random in sign and in magnitude,

In this work we use a mapping of the three-dimensionakhe average potential in each layer is the sahe.
layered structure onto a two-dimensional spin Hamiltonian. The Hamiltonian(2) can now be simply written as
Using a semiclassical description we derive the phase
diagran? and obtain the critical exponent, describing the 5 1
divergence of the localization lengthy as one approaches H=(p—eAlc)2Zm+U(xy)+ §S'H(x,y), ©)
the transition from the insulating sidg~|E—E.| ™", or ¢
~|B—B¢ ¥, whereE, and B, are the critical energy and namely, a spirs electron moving in two dimensions under
magnetic field, respectively. The derived critical exponenthe influence of a random potential and a random magnetic
v=4/3 agrees excellently with existing numerical data, field (coupled to its spin The advantage of this representa-
=1.35+0.15, obtained both for a layered system and threetion is that one can try to generalize methods that worked for
dimensional tight-binding modél,and »=1.45+0.25, ob- the two-dimensional case, in the absence of a random field,
tained in Ref. 6 from a layered network mod&I. to include the effects of the field. In the following we will

We start with the Hamiltonian describing a spinless elecconcentrate on the largéuniform) magnetic-field limit,

tron in a system oN coupled two-dimensional layefsee ~ Where the kinetic energy is quenched and one may treat the
Fig. 1), electrons semiclassically. In the absence of the random field

the electron moves along equipotential lines. As is well

N known in this casé? electrons with too small an energy will
H=2, [(p;—eA;/c)22m+V,(x,y)+Tii41(xy)], (1)  be trapped around potential valleys, while for too high an
: energy they will be trapped around potential hills. There is a

wherex andy are coordinates in the plane and the summa-
tion is over the layers. The first and second terms in the AN
brackets describe the kinetic and potential energies within a
layer, while the third term describes the hopping between
adjacent layers, which may depend on the position in the

= V()
Y1+1 (X,Y)

plane. The layer potentials are assumed to be independently fx.y) Va(x.y)

distributed with zero mean. Y Vo1 (%Y)
We now associate with the electron a spin index that cor- .

responds to the layer index in E(.). The interlayer tunnel-

ing will now correspond to spin raising and lowering opera- FIG. 1. The system studied in this work.
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insulator

energy

FIG. 3. Phase diagram of the layered system. For finite inter-
layer tunnelingt there is a finite range of energies where extended
states exist. The shaded region is where the wave functions are
localized, but the classical trajectories are exten@eg text

FIG. 2. The classical trajectories of an electron in a strong mag!ncreases witit, leading to the phase diagram depicted in

netic field. Without random field, the electron follows equipotential Fig. 3. F”f‘”}’. f:mta ;heretﬁXISts ? fm'Fe rantg(?l.Of eAnergl(;:‘S
lines(solid curve$; with increasing random field it explores a larger _(or magnetic 'Ed)sw ere _t_e system 1S metallic. Accor .
portion of the potential energy landscajmircles, until for a large ingly, even afT =0 the transition between Hall plateaus will

enough random field, it can go through the saddle pdinoken ~ NOt be sharp, but rather occur in a finite range of magnetic
line). fields or gate voltages.

Interestingly, in the present semiclassical description such
single “critical” energy where the electron trajectory perco- & metalli.c phase will occur even .for an infinitesimal tunnel-
lates through the system. This corresponds to the quantufig matrix element. The reason is that onde=0 the elec-
Hall transition, where there is a single ener@y the center tron can, in principle, rotate its spitunnel between layeys
of the Landau level in case of symmetrically distributed ran-and explore the whole energy range allowed by conservation
dom potentialswhere states are extended. of total energy. We know, however, that quantum mechani-

In the present case, in the same strong magnetic-fiel@ally, for small enough tunneling matrix element, the elec-
limit, it is the total energy—the potential energy plus the spintron will be localized in spin space and the range of potential
energy(due to the random fiejé-that is conserved. Thus, as €Nergies avallgbleél.e., the width of the metallic region in-
the electron rotates its spin along the trajectory, it exchangedhase spagewill be much smaller than one expects classi-
energy between the potential energy and the spin energgally, going to zero as—0.** Thus, there is a region in the
such that the total is conserved. The range of potential enephase diagrartthe shaded part of Fig,) 3where the electron
gies accessible by the electron has a wiits2Hy, where IS localized quantum mechanically, but its classical trajectory
Hg is the typical amplitude of the random field. Conse-iS extended. The derived phase diagréfiy. 3) agrees with
guently, even if the electron does not have the cortexiti- the phas6e diagram established numerically by Chalker and
cal) potential energy to percolate through the system to begifohmen: - _
with, it can still do that as long as its total energy is within We now turn to the critical behavior. For the two-
Hp of the critical energy. dlmensgnlgl quantum Hall  problem Milnikov and

An example is depicted in Fig. 2. The classical equationsSokolov**°used the following argument to predict the criti-
of motion for the Hamiltoniar(3) with U(x,y) correspond- ca}ll exponent. In the cIaSS|caI.descr|.pt|on, away from_ the
ing to two impurities(the equipotential lines appear as thin critical energyEc, Fhe electron is confmed to a percolation
solid curve$ were integrated. In the absence of a randoncluster of typical size,, the percolation coherence length.
field (a solid thick curvg the electron follows a single equi- Near the threshold:,~|E.—E|~"», where v,=4/3 is the
potential line, with superimposed cyclotron oscillations, andtwo-dimensional percolation exponent. As one approaches
is trapped around one impurity. With an increasing randonthe transition the clusters approach each other near saddle
field the electron explores a larger portion of the potentialPoints of the potential energy landscape. While classically
energy landscapgsee, e.g., the trajectory denoted by the electron cannot move from one cluster to ano_ther, quan-
circles, until, for a large enough random fie{tiroken ling, tum mechanically it can tunnel through the potential barrier.
the electron can go through the saddle point and percolaté the electron energyE is close enough to the transition,
away. In the original layered system, this process correthe potential barrier is close to parabolic and the tunneling
sponds to the possibility of the electron tunneling to a differ-Probability through such a saddle point is proportional
ent layer and drifting along a different potential ligeith ~ to exd—(Ec.—E)]. The number of such saddle points
the same potential energyThus as the energy is increased, through which tunneling occurs in a system of lengths
before percolation occurs in a single layer, there will be atypically L/&,. Since the transmission coefficient is multi-
percolating path consisting of equipotential lines in differentplicative, the conductancéor the tunneling probability
layers, connected by interlayer tunneling events. through the whole system is

Since the random magnetic-field amplitudédig
~Jt2+(AU)?, one expects a region of extended states that op~[e B B =g e, (4)
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ditional UTVU term in the parentheses, and the Hamiltonian
2d (t=0) can be trivially diagonalized in spin space. The random field
serves as an additional potential energy, which is different
for each spin directior(and its average is proportional to
3d HRS,). Consequently, in this approximation one expdéts
} separate transitions, each of the two-dimensional t{gee
Fig. 4. (Note that these transitions are not related to the
~ . different layers, but rather to different coherent superposi-
adiabatic tions of the wave functions in different laygrsSince the

approximation o g
separate transitions can only be resolved for energies smaller
thanA/N, one expects in this case a crossover from a three-

FIG. 4. The change in the Hall conductance at the transition. Fop!mens!onal Cr!t!cal behav!or fofE—E|>A/N to a two-
t=0 there is a two-dimensional behavi@ single step Fort+0, d!mens!onal Cr't'cal_ behavior fofE—E|<A/N (the two-
then in the adiabatic approximation one finds a series of smallefimensional behavior can only be seen for temperatures
steps, of the number of layefsee text In the three-dimensional SMmaller thamA/N),
limit, as the number of layers increases, one expects a smooth tran- 1
sition between the quantized valu@smetallic region E=Ae "0f(€), fle)— A

-
=lo,,

Hall conductance (per layer)
v

energy, magnetic field

e<1
2€72D7 73D e>1

with e=(E—E_)/(A/N). Thus, the effective exponentwill

)

with &5~ (E.—E) ™ "20 andv,p=v,+1=7/3. The best nu-
merical estimate of the critical exponenf,=2.35-0.02°  ¢ro5s over from its three-dimensionat ¢/3) to the two-
which is supported by experimental daféias a surprisingly gimensional value £ 7/3), as one gets closer to the critical
excellent agreement with the result of the above argumenfgint from the insulating side. Interestingly, for the case
especially in view of the crudeness of the argument. vop="7/3 and vap=4/3 the scaling functiorf () may be

This argument can be generalized to the presentnaytic This crossover can be studied via the critical behav-
problem;” as it is also expressed in terms of & tWO-jor of the conductancéEgs. (4) and (5)], or by that of
dimensional Hamiltonian. In the presence of interlayer tuny, /4B.20

Xy .

neling (random field, the only difference between the ) yhe adiabatic approximation there is a zero-temperature
present problem and the two-dimensional problem is the fach o (5jjic phase only in the true three-dimensional lintit (
that the critical energ¥. is not equal to the potential energy ), which is the classical limit$— ) of the spin prob-

of the saddle point, but islz away from it. Thus lem (Fig. 4). As nonadiabaticitythe additional term in the
HpLlEy — A= Lig parentheses in Eq6)] is switched on, the different spin
ogp~[e "R p=e" %0, ) i i abati
states that were the eigenstates of the system in the adiabatic
with é;p~(E.—E) " and v=wv,=4/3. One finds the sur- limit get coupled. It is not clear if this coupling will smear
prising result that the critical exponent for the quantumOut the separate transitions even for a finite number of layers.
three-dimensional problem is equal to the two-dimensionalt 1S known that there may occur transitions between the
classical percolation exponent. This result is in excellen€Xpected adiabatic behavior to a different behavis a
agreement with existing numerical estimates=1.35 function of, e.g., the tunneling matrix elemgrgven for the

+0.15, obtained both for a layered system and threetWo-layer problent! and it remains to be seen if such a
dimensional tight-binding mod&l, and »=1.45+0.25, deviation from the adiabatic limit will also occur for a finite

obtained from a layered network modé?. number of layers. We hope that this work will motivate fur-
Consider now the Hall conductaneg, . If the interlayer ther studies in this direction. ,
tunnelingt is equal to zero, the system is a collectionNof To conclude, we have used a mapping onto a two-

independent two-dimensional layers, all with the same criti-dimensional spin Hamiltonian to describe the physics of the
cal energy. Thusr,, will jump by e?/h in all layers simul- quantum Hall effect in three_—d|men5|onal layered systems.
taneously(see Fig. 4 i.e., it will have a single step of height ' NiS mapping was used mainly for conceptual reasons, in
Ne?/h (which corresponds to a conductance per layer or ConQrder.to allqw us to extend methods applied in the traditional
ductivity of €?/h). For finitet (or finite random fielgl the two-dimensional quantum Hall systems to the present case.

situation is quite different. To see this we first carry out aThe arguments presented here, however, could be directly

local SU(N) gauge transformation in spin space, to rotate?PPlied to the original three-dimensional system, and thus

the spin by a unitary matritd (x,y), such that the direction none of the results of _this_paper depends on the particular
always lies in the direction of the random field. This exact0'™ Of the spin Hamiltonian. For example, in the three-

transformation maps the Hamiltoni@B) onto the equivalent dimensional Iay_ereq system, the potential "%”d the hopping
Hamiltoniart® part of the HamiltoniafEq. (1)] can be recast in the form of

a position-dependem X N matrix. Diagonalizing this matrix
. 1 locally and carrying out a unitary local rotation in layer
—(n— _ t 2 Z
H=(p—eAlc—iaAUTVU)"2m+U(x,y) + sSZ|H(X’y)|' space, will lead to a Hamiltonian of the for(6), and to all
(6)  the results of the last section. Similar arguments can be made

) ) , to derive the phase diagram and the critical exponent.
If the potential energy and the interlayer tunneling vary

slowly in space, one may apply the adiabatic The author thanks A. Stern for several discussions. This
approximatiort® In this approximation one neglects the ad- work was supported by the BMBF.
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