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Quantum Hall effect in three-dimensional layered systems

Yigal Meir
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Using a mapping of a layered three-dimensional system with significant interlayer tunneling onto a spin
Hamiltonian, the phase diagram in the strong magnetic-field limit is obtained in the semiclassical approxima-
tion. This phase diagram, which exhibits a metallic phase for a finite range of energies and magnetic fields, and
the calculated associated critical exponentn54/3 agree excellently with existing numerical calculations. The
implication of this work for the quantum Hall effect in three dimensions is discussed.
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The quantum Hall effect is one of the hallmarks of tw
dimensional electron systems.1,2 The possibility of the occur-
rence of the quantum Hall effect in three dimensions w
explored rather early,3 and precursors of the quantum Ha
effect were observed in some three-dimensional syste4

The existence of well quantized Hall plateaus was, howe
demonstrated only in three-dimensional layered semicond
tors with significant interlayer coupling.5 These layered sys
tems have attracted significant theoretical interest recen
due to the proposed existence of a metallic phase for a fi
range of energies or magnetic fields,6 and a new ‘‘chiral’’
two-dimensional metallic phase on the surface.7 The exis-
tence of such a metallic phase at the surface was rece
confirmed experimentally in measurements of the vert
conductance (szz).

8

In this work we use a mapping of the three-dimensio
layered structure onto a two-dimensional spin Hamiltoni
Using a semiclassical description we derive the ph
diagram6 and obtain the critical exponentn, describing the
divergence of the localization lengthj, as one approache
the transition from the insulating sidej;uE2Ecu2n, or j
;uB2Bcu2n, whereEc and Bc are the critical energy and
magnetic field, respectively. The derived critical expon
n54/3 agrees excellently with existing numerical data,n
51.3560.15, obtained both for a layered system and thr
dimensional tight-binding model,9 and n51.4560.25, ob-
tained in Ref. 6 from a layered network model.10

We start with the Hamiltonian describing a spinless el
tron in a system ofN coupled two-dimensional layers~see
Fig. 1!,

H5(
i

N

@~pi2eA i /c!2/2m1Vi~x,y!1Ti ,i 11~x,y!#, ~1!

wherex andy are coordinates in the plane and the summ
tion is over the layers. The first and second terms in
brackets describe the kinetic and potential energies with
layer, while the third term describes the hopping betwe
adjacent layers, which may depend on the position in
plane. The layer potentials are assumed to be independ
distributed with zero mean.

We now associate with the electron a spin index that c
responds to the layer index in Eq.~1!. The interlayer tunnel-
ing will now correspond to spin raising and lowering ope
PRB 580163-1829/98/58~4!/1762~4!/$15.00
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tions. In order to describe the different potential landscape
each layer, we add a randomSz term to the Hamiltonian tha
now describes a spinS @5(N21)/2# electron moving in two
dimensions,

H5~p2eA/c!2/2m1U~x,y!1DU~x,y!SZ1t~x,y!S1

1t* ~x,y!S2 . ~2!

The second term describes a random potential indepen
of the spin ~layer! index. The third term accounts for th
different potentials for the different spin direction, by a ra
dom shift of the potential between adjacent layers~at each
point of the plane!. Thus at each point the electron sees
different potential in each layer~or for each spin direction!.
Since the shiftDU(x,y) is random in sign and in magnitude
the average potential in each layer is the same.11

The Hamiltonian~2! can now be simply written as

H5~p2eA/c!2/2m1U~x,y!1
1

S
S•H~x,y!, ~3!

namely, a spin-S electron moving in two dimensions unde
the influence of a random potential and a random magn
field ~coupled to its spin!. The advantage of this represent
tion is that one can try to generalize methods that worked
the two-dimensional case, in the absence of a random fi
to include the effects of the field. In the following we wi
concentrate on the large~uniform! magnetic-field limit,
where the kinetic energy is quenched and one may treat
electrons semiclassically. In the absence of the random fi
the electron moves along equipotential lines. As is w
known in this case,12 electrons with too small an energy wi
be trapped around potential valleys, while for too high
energy they will be trapped around potential hills. There i

FIG. 1. The system studied in this work.
R1762 © 1998 The American Physical Society
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single ‘‘critical’’ energy where the electron trajectory perc
lates through the system. This corresponds to the quan
Hall transition, where there is a single energy~at the center
of the Landau level in case of symmetrically distributed ra
dom potentials! where states are extended.

In the present case, in the same strong magnetic-fi
limit, it is the total energy—the potential energy plus the sp
energy~due to the random field!—that is conserved. Thus, a
the electron rotates its spin along the trajectory, it exchan
energy between the potential energy and the spin ene
such that the total is conserved. The range of potential e
gies accessible by the electron has a widthD[2HR , where
HR is the typical amplitude of the random field. Cons
quently, even if the electron does not have the correct~criti-
cal! potential energy to percolate through the system to be
with, it can still do that as long as its total energy is with
HR of the critical energy.

An example is depicted in Fig. 2. The classical equatio
of motion for the Hamiltonian~3! with U(x,y) correspond-
ing to two impurities~the equipotential lines appear as th
solid curves! were integrated. In the absence of a rand
field ~a solid thick curve!, the electron follows a single equ
potential line, with superimposed cyclotron oscillations, a
is trapped around one impurity. With an increasing rand
field the electron explores a larger portion of the poten
energy landscape~see, e.g., the trajectory denoted
circles!, until, for a large enough random field~broken line!,
the electron can go through the saddle point and perco
away. In the original layered system, this process co
sponds to the possibility of the electron tunneling to a diff
ent layer and drifting along a different potential line~with
the same potential energy!. Thus as the energy is increase
before percolation occurs in a single layer, there will be
percolating path consisting of equipotential lines in differe
layers, connected by interlayer tunneling events.

Since the random magnetic-field amplitudeHR

;At21(DU)2, one expects a region of extended states t

FIG. 2. The classical trajectories of an electron in a strong m
netic field. Without random field, the electron follows equipotent
lines~solid curves!; with increasing random field it explores a larg
portion of the potential energy landscape~circles!, until for a large
enough random field, it can go through the saddle point~broken
line!.
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increases witht, leading to the phase diagram depicted
Fig. 3. For any finitet there exists a finite range of energie
~or magnetic fields! where the system is metallic. Accord
ingly, even atT50 the transition between Hall plateaus w
not be sharp, but rather occur in a finite range of magn
fields or gate voltages.

Interestingly, in the present semiclassical description s
a metallic phase will occur even for an infinitesimal tunn
ing matrix elementt. The reason is that oncetÞ0 the elec-
tron can, in principle, rotate its spin~tunnel between layers!
and explore the whole energy range allowed by conserva
of total energy. We know, however, that quantum mecha
cally, for small enough tunneling matrix element, the ele
tron will be localized in spin space and the range of poten
energies available~i.e., the width of the metallic region in
phase space! will be much smaller than one expects clas
cally, going to zero ast→0.13 Thus, there is a region in the
phase diagram~the shaded part of Fig. 3!, where the electron
is localized quantum mechanically, but its classical traject
is extended. The derived phase diagram~Fig. 3! agrees with
the phase diagram established numerically by Chalker
Dohmen.6

We now turn to the critical behavior. For the two
dimensional quantum Hall problem Mil’nikov an
Sokolov14,15used the following argument to predict the crit
cal exponent. In the classical description, away from
critical energyEc , the electron is confined to a percolatio
cluster of typical sizejp , the percolation coherence lengt
Near the thresholdjp;uEc2Eu2np, where np54/3 is the
two-dimensional percolation exponent. As one approac
the transition the clusters approach each other near sa
points of the potential energy landscape. While classica
the electron cannot move from one cluster to another, qu
tum mechanically it can tunnel through the potential barri
If the electron energyE is close enough to the transition
the potential barrier is close to parabolic and the tunnel
probability through such a saddle point is proportion
to exp@2(Ec2E)#. The number of such saddle poin
through which tunneling occurs in a system of lengthL is
typically L/jp . Since the transmission coefficient is mult
plicative, the conductance~or the tunneling probability!
through the whole system is

s2D;@e2~Ec2E!#L/jp[e2L/j2D, ~4!

-
l

FIG. 3. Phase diagram of the layered system. For finite in
layer tunnelingt there is a finite range of energies where extend
states exist. The shaded region is where the wave functions
localized, but the classical trajectories are extended~see text!.
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with j2D;(Ec2E)2n2D andn2D5np1157/3. The best nu-
merical estimate of the critical exponentn2D52.3560.02,16

which is supported by experimental data,17 has a surprisingly
excellent agreement with the result of the above argum
especially in view of the crudeness of the argument.

This argument can be generalized to the pres
problem,15 as it is also expressed in terms of a tw
dimensional Hamiltonian. In the presence of interlayer tu
neling ~random field!, the only difference between th
present problem and the two-dimensional problem is the
that the critical energyEc is not equal to the potential energ
of the saddle point, but isHR away from it. Thus

s3D;@e2HR#L/jp[e2L/j3D, ~5!

with j3D;(Ec2E)2n and n5np54/3. One finds the sur
prising result that the critical exponent for the quantu
three-dimensional problem is equal to the two-dimensio
classical percolation exponent. This result is in excell
agreement with existing numerical estimates,n51.35
60.15, obtained both for a layered system and thr
dimensional tight-binding model,9 and n51.4560.25,
obtained6 from a layered network model.10

Consider now the Hall conductancesxy . If the interlayer
tunnelingt is equal to zero, the system is a collection ofN
independent two-dimensional layers, all with the same c
cal energy. Thussxy will jump by e2/h in all layers simul-
taneously~see Fig. 4!, i.e., it will have a single step of heigh
Ne2/h ~which corresponds to a conductance per layer or c
ductivity of e2/h). For finite t ~or finite random field! the
situation is quite different. To see this we first carry ou
local SU(N) gauge transformation in spin space, to rota
the spin by a unitary matrixU(x,y), such that thez direction
always lies in the direction of the random field. This exa
transformation maps the Hamiltonian~3! onto the equivalent
Hamiltonian18

H5~p2eA/c2 i\U†¹U !2/2m1U~x,y!1
1

S
SzuH~x,y!u.

~6!

If the potential energy and the interlayer tunneling va
slowly in space, one may apply the adiaba
approximation.19 In this approximation one neglects the a

FIG. 4. The change in the Hall conductance at the transition.
t50 there is a two-dimensional behavior~a single step!. For tÞ0,
then in the adiabatic approximation one finds a series of sma
steps, of the number of layers~see text!. In the three-dimensiona
limit, as the number of layers increases, one expects a smooth
sition between the quantized values~a metallic region!.
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ditional U†¹U term in the parentheses, and the Hamiltoni
can be trivially diagonalized in spin space. The random fi
serves as an additional potential energy, which is differ
for each spin direction~and its average is proportional t
HRSz). Consequently, in this approximation one expectsN
separate transitions, each of the two-dimensional type~see
Fig. 4!. ~Note that these transitions are not related to
different layers, but rather to different coherent superpo
tions of the wave functions in different layers!. Since the
separate transitions can only be resolved for energies sm
thanD/N, one expects in this case a crossover from a thr
dimensional critical behavior foruE2Ecu.D/N to a two-
dimensional critical behavior foruE2Ecu,D/N ~the two-
dimensional behavior can only be seen for temperatu
smaller thanD/N),

j5A1e2n2D f ~e!, f ~e!→H 1 e!1

A2en2D2n3D e@1,
~7!

with e[(E2Ec)/(D/N). Thus, the effective exponentn will
cross over from its three-dimensional (;4/3) to the two-
dimensional value (;7/3), as one gets closer to the critic
point from the insulating side. Interestingly, for the ca
n2D57/3 andn3D54/3 the scaling functionf (e) may be
analytic. This crossover can be studied via the critical beh
ior of the conductance@Eqs. ~4! and ~5!#, or by that of
dsxy /dB.20

In the adiabatic approximation there is a zero-tempera
metallic phase only in the true three-dimensional limit (N
→`), which is the classical limit (S→`) of the spin prob-
lem ~Fig. 4!. As nonadiabaticity@the additional term in the
parentheses in Eq.~6!# is switched on, the different spin
states that were the eigenstates of the system in the adia
limit get coupled. It is not clear if this coupling will smea
out the separate transitions even for a finite number of lay
It is known that there may occur transitions between
expected adiabatic behavior to a different behavior~as a
function of, e.g., the tunneling matrix element!, even for the
two-layer problem,21 and it remains to be seen if such
deviation from the adiabatic limit will also occur for a finit
number of layers. We hope that this work will motivate fu
ther studies in this direction.

To conclude, we have used a mapping onto a tw
dimensional spin Hamiltonian to describe the physics of
quantum Hall effect in three-dimensional layered system
This mapping was used mainly for conceptual reasons
order to allow us to extend methods applied in the traditio
two-dimensional quantum Hall systems to the present c
The arguments presented here, however, could be dire
applied to the original three-dimensional system, and t
none of the results of this paper depends on the partic
form of the spin Hamiltonian. For example, in the thre
dimensional layered system, the potential and the hopp
part of the Hamiltonian@Eq. ~1!# can be recast in the form o
a position-dependentN3N matrix. Diagonalizing this matrix
locally and carrying out a unitary local rotation in laye
space, will lead to a Hamiltonian of the form~6!, and to all
the results of the last section. Similar arguments can be m
to derive the phase diagram and the critical exponent.

The author thanks A. Stern for several discussions. T
work was supported by the BMBF.

r

er

n-



s
-

cs

s.

-
e
rg
hi
cie
w

n-
, the

ex-
en-

be

is
a-

.

ov-
sys-
be-

s

up

ev.

RAPID COMMUNICATIONS

PRB 58 R1765QUANTUM HALL EFFECT IN THREE-DIMENSIONAL . . .
1K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett.45,
494 ~1980!.

2For a review see, e.g., M. Stone,The Quantum Hall Effect~World
Scientific, Singapore, 1992!.

3M. Y. Azbel, Solid State Commun.54, 127 ~1985!; M. Y. Azbel
and O. Entin-Wohlman, Phys. Rev. B32, 562 ~1985!.

4S. S. Murzin, Pis’ma Zh. Eksp. Teor. Fiz.XX , XX ~19XX!
@JETP Lett.44, 56 ~1986!#; R. G. Mani, Phys. Rev. B41, 7922
~1989!; I. Laue, O. Portugall, and M. von Ortenberg, Acta Phy
Pol. A 79, 359~1991!; U. Zeitler et al., J. Phys.: Condens. Mat
ter 6, 4289~1994!.

5H. L. Störmer et al., Phys. Rev. Lett.56, 85 ~1986!; H. L.
Störmer et al., in 18th International Conference on the Physi
of Semiconductors, Stockholm, Sweden, 199X, edited by Editors
~World Scientific, Singapore, 1987!, p. 385; Y. J. Wanget al.,
Phys. Rev. Lett.75, 906 ~1995!.

6J. T. Chalker and A. Dohmen, Phys. Rev. Lett.75, 4496~1995!;
see also Z. Wang,ibid. 79, 4002~1997!.

7L. Balents and M. P. A. Fisher, Phys. Rev. Lett.76, 2782~1996!;
Y. B. Kim, Phys. Rev. B53, 16 420~1996!; L. Balents, M. P. A.
Fisher, and M. R. Zirnbauer, Nucl. Phys. B483, 601 ~1996!; H.
Mathur, Phys. Rev. Lett.78, 2429 ~1997!; I. A. Gruzberg, N.
Read, and S. Sachdev, Phys. Rev. B55, 10 593 ~1997!; 56,
13 218~1997!; S. Cho, L. Balents, and M. P. A. Fisher,ibid. 56,
15 814~1997!.

8D. P. Druistet al., Phys. Rev. Lett.80, 365 ~1998!.
9T. Ohtsuki, B. Kramer, and Y. Ono, J. Phys. Soc. Jpn.62, 224

~1993!; M. Hennecke, B. Kramer, and T. Ohtsuki, Europhy
Lett. 27, 389 ~1994!.

10J. T. Chalker and P. D. Coddington, J. Phys. C21, 2665~1988!.
11Note, however, that the Hamiltonian~2! has less degrees of free

dom than Hamiltonian~1!, since at each point in the plane th
potential in spin space forms a ladder, spaced by ene
DU(x,y). Nevertheless, if one imagines coarse graining t
Hamiltonian, then at each iteration more and more frequen
will appear and instead of an equally spaced ladder, one
.

y
s
s

ill

have now quasiperiodicity, with increasing number of freque
cies. Thus one may expect that under such renormalization
Hamiltonian~2! will flow to the same fixed point as Eq.~1!, a
fact that is borne out by the phase diagram and the critical
ponent, which seem to be identical. Similarly, the weak dep
dence of the tunneling on the layer number is expected not to
a relevant perturbation.

12S. Luryi and R. F. Kazarinov, Phys. Rev. B27, 1386~1983!; S.
A. Trugman,ibid. 27, 7539 ~1983!; R. Mehr and A. Aharony,
ibid. 37, 6349~1988!.

13In fact, the way the width of the metallic region goes to zero
related to the critical behavior of the two-dimensional localiz
tion length, see Ref. 6.

14G. V. Mil’nikov and I. M. Sokolov, Pis’ma Zh. Eksp. Teor. Fiz
48, 494 ~1988!, @JETP Lett.48, 536 ~1988!#.

15Note that the previous reference failed to include the Aharon
Bohm phases along the electron trajectories. In the present
tem this is not a problem, as the Aharonov-Bohm phase
comes irrelevant as the spin increases@Y. Meir, Y. Gefen, and
Y. Aharonov, in Quantum Coherence in Mesoscopic System,
edited by B. Kramer~Plenum, New York, 1991!#. The physical
reason is that the probability that two trajectories will end
with the same spin~i.e., on the same layer! goes to zero with
increasing spin.

16For a review of the numerical work, see B. Huckestein, R
Mod. Phys.67, 357 ~1995!.

17H. P. Wei et al., Phys. Rev. Lett.61, 1294 ~1988!; H. P. Wei
et al., Surf. Sci.229, 34 ~1990!; S. Kochet al., Phys. Rev. B43,
6828 ~1991!.

18See, e.g., D. K. K. Lee, Phys. Rev. B50, 7743~1994!.
19For an example of the adiabatic approximation for theS51/2

case, see, e.g., C. B. Hannaet al., Phys. Rev. B52, 5221~1995!.
20S. H. Simon and B. I. Halperin, Phys. Rev. Lett.73, 3278~1994!.
21See, e.g., E. S. Sorensen and A. H. Macdonald, Phys. Rev. B54,

10 675 ~1996!; V. Kagalovski, B. Horovitz, and Y. Avishai,
ibid. 55, 7761~1997!; Y. Avishai ~private communication!.


