Statistical Mechanics

Lecture notes — Baruch Horovitz and class of 2007
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1. ENSEMBLE THEORY
la. Thermodynamics (Review)

Macroscopic state: Set of measurable ”coordinates” of a system with many (— oo) degrees
of freedom, e.g. volume V', number of particles N, energy FE.

Equilibrium: A macroscopic state that is uniquely determined by a small number of external
"forces”, e.g. pressure P, chemical potential u, temperature 7.

Pairs of force f and coordinate x generate work 6W = fdx (0W is not necessarily an exact
differential, i.e. equation may not be integrated to yield a state function W).

E.g. dW =—-PdV, W = udN

Microscopic degrees of freedom contain "heat” energy Q, with S the coordinate, T the force.
0Q =1TdS.

Thermodynamic limit: N — oo, V' — oo with N/V —const. Macroscopic state, equilibrium
etc. are defined in this limit. Define: Extensive variables that increase with N, e.g. V| E, S
and intensive variables that are constants in the thermodynamic limit, e.g. N/V, P, p.
First Law: Two ways to exchange energy, work or "heat”: 0FE = 0Q) + 0W; heat Q) is due
to microscopic degrees of freedom. There exists an adiabatic process for which 6¢) = 0.

Entropy S is a thermodynamic coordinate - proof:



EX)

Adiabatic process 0Q) = 0. Equilibrium determines a

curve E(x) from dFE = fdx. Between curves change is

nonadiabatic, o is an integration constant. o

E is unique in equilibrium. Also E(z) is single

E = E(z,0). Curves do not cross since f = 22
valued = E(z,0) is monotonic in o. For constant x, 6Q = dE = (%)xda

dE = fdr + 7do T =(%5),

o is not unique - can choose & = A(c) with A(o) monotonic. Choose o which is extensive

o — S ~ N, and define temperature T = as intensive. Assumption in proof: only one o

as
coordinate.

= dE = TdS — PdV + pdN

E =E(S,V,N) is a (single valued) state function, § dE = 0. This is the first law.
Heat is not single valued - [TdS depends on how V, N change along the path (§0Q # 0).
Second Law: In a closed system S(t) increases with time. Exchange dF; = —dF; in two

subsystems:

S=5+5;

dS  dS, dE dSQdEg_(l 1)@>0

dt ~ dE, dt ' dE, dt \T, Ty) dt
= energy flows from high to low T.
In equilibrium S is maximal = T} = T5

P

1 f
dS = ZdE + ZdV — ZdN

If volumes of subsystems exchange dV; = —dV, with T} = T, (hence terms vanish),

dS = (asl)E NdVi + (BSQ)E NdVy = (P1 — %)dVl = P, = P, equilibrium.

Particle exchange dN; = —dN,

dS = (051/0N1)g vdNy + (052/ON2)gvdNy = (p1 /T — po/T)dNy

= [ = 2 chemical equilibrium.

TdS > dE+ PdV —udN = 0(Q) irreversible process, i.e. S increases more than its equilibrium
change.

Adiabatic process:

A process in which the energy is changed only by slow variation of external conditions so



that at every instant the system is in equilibrium. Furthermore, the system is "thermally
isolated” - no energy transfer except the external condition.

Adiabatic process is reversible: expand in dA/dt, A external condition (e.g. volume)

D =a+ b8 + 1c(9)?

a = 0: equilibrium condition

b = 0: since Cfl—f > 0 cannot depend on sign of %

i%:lc%—i— ..... —>Owhen%—>0.

= dS = 0 in adiabatic process.

Note: A reversible process in a closed system is an adiabatic process and S is constant. A
reversible process in an open system is a process for which T'dS = dF + PdV — udN, i.e.
heat exchange with a reservoir is allowed and dS # 0.

Thermodynamic Functions

F=FE-TS Helmholtz free energy
dF = —SdT — PdV + udN = F(T,V,N)

If an additional variational parameter is present F is minimized to reach dF = 0.
T,V,N fixed: dFF =dF —TdS <0, for < 0 the process is irreversible.
G=FE-TS+ PV Gibbs free energy

dG = —=SdT + VdP + udN = G(T, P,N)

T, P, N fixed: dG =dFE —TdS + PdV <0 and G is minimized.

Q=F—puN

dQ) = —SdT — PdV — Ndu = Q(T,V, )

T,V, p fixed: dQ = dE —TdS — pudN < 0 and Q is minimized.

Extensiveness: AE = E(AS, AV, AN)

3%|,\:12
E =TS —PV+uN
F = —PV 4+ uN
G = uN
Q= -PV (1)



1b. Micro Canonical Ensemble (MCE)

Basic assumption:
S=kplnQ(F)

Boltzman’s constant: kg = 1.38 - 1071¢ erg/deg.

Q(E) is the number of microstates for a given N, V, E, and states have equal weight :
E)=> 0p_nm
{r}
{r} are microscopic degrees of freedom of the N particles.

We shall now prove extensivity and maximum property: Consider two subsystems, neglect

their interaction (justified since the number of particles near the surface is small, or surface

energy < bulk energy),

H{ry,ro} = Hi{rm}+ Hx{r2}

Q<E) = Z 5E—H1{7”1}—H2{T2}

{ri.r2}
S1(Ey) + S2(E — Ey)
= Z Z 5E1—H1{7“1} Z 5E—E1_H2{T2} = Z exXp |: L
E1 {r} {(r2} Er B

Since S; ~ N; are large look for maximum in E; (equivalent to steepest descent),

0

Eion (S1(EL) + S2(E—Ey))|g =0
05 B 05, B
a—& = a—& = T1 = T2
Expand to 2nd order
_ _ 1 = 1 =
Sl(El) + SQ(EQ) - Sl(El) + SQ(EQ) - T<E - E1)2 - ﬁ(EQ - E2)2
2
1 (oY _ )
ki \OE}),_ 5 OB  T?%C

oL,
Ci= (aT )V,N
1

. . 1
S(E)/kp — S1(E1)+52(Ez) By — B\ — —(By — E,)?
e e E exp (le( | — Ep)? 2k2( )

Eq

Probability that Ey # E) is Gaussian, ((E, — F))?)Y? ~ /k; ~ VN



Dominant term is F; = F; with E; such that Ty = Tb.

If A is the spacing of E; levels (e.g. A ~ V~2/3 in ideal gas)

1 ks \ Y2
= — |27
AN\ E Tk

— Extensivity, ie. Q(E) is dominated by one term: Q(E) = Q,(E,)Qs(Ey)
(Note: The only function f(2) which is additive when Q = Q1 is f ~In))

Energy fluctuation ~ v/k; = T/Cy .

Similarly, separate to subsystems with V"=V, + V5, or N = N; + N, to obtain dominant
term at V; (hence P, = P,) or at N; (hence i, = ps).

Ideal Gas (no interactions)

Classical: 7 — (p,q). For one particle energy e(p): Qy ~ [d*Ng fzie(pi):E d*Np ~ VN,

Note missing dimensional prefactor.
p (aan

kT ~—

_ N

oV )N,E T

Quantum: r — quantum numbers. Use periodic boundary conditions, e.g. e?*l/h =1 =

Py = %n:c , Mg Integer —oo < n, < 00

__ _h? 2 2 2
€= 579 (n2 + ng + n?)

Q(E) is the number of solutions to o n? = 22 F1/2/3
= S(N,V,E) = S(N,V*3E)
In an adiabatic process V¥3E = const, P = — (£

2F
] )N,S %
= PV?/3 = const



Q(F) irregular - No. of points on surface of 3N sphere.
Instead X(N,V, E) = 3 5 p QN, V, E') has reasonable £ — oo limit.

_ . . A A
Replace 2 by I' = number of microstates with F' — 5 <energy< E/ + 5

)y
Q—-T(N,V,E;A) = A—
- ( Y Y Y ) aE

Y is the volume of 3N sphere with radius R = (2mV?*3E/h?)'/2
Volume of n sphere: V,, = C,, R" with surface area dV, = nC,, R" 'dR

/ e dy = VT

—00

/ .../e‘zy—lw?Hdl’i—W”/?

In spherical coordinates:

7T.n/2}gn
=V, =
(n/2)!
TN/ 3N
Y(N,V,E) = OmVBE/R)IN2 = T = A2
N —-o00:InN'=NInN - N
V [4rmEN*?| 3 3N A
In'=NIln|— —N+In—+1In—
N nh3(3N) R R
A ~ level spacing: n, — n, + 1 for some r yields £ — E + A
2m 2m 1/2
2nr—|—1:ﬁAV2/3 Ognr<(ﬁEV2/3) ~ N°/6

= ~N?P<A<~ NS =  InA/E=0(nN)



==X+ 0(InN)

Volume near surface dominates total volume for NV > 1. Value of A is not important.
V [4rmEBE\*?
h? 3N

o (9B _ 2F
- \0S /)y 3Nkp

3
—NEk
+2 B

= S(N,V,E)=kpInl' = Nkgln

E:;N@T:%m@ﬂ:%@T
P=- (g—v>N75 = % = PV = NkgT
= (%) N,P - gNkB
P (g—¥) N.P is excess work at constant P.
St

Gibbs paradox:
S is not extensive. Even mixing gases 1,2 with equal T',n leads to S # S1 + So
The "mixing” entropy is positive:

Vv V
NkplnV — NikgInVy — NokpIn Vo = kp [Nlln——i—Ngln—

0
Vi AN

But this must be reversible !

Quantum mechanics - indistinguishability. Classical limit (h — 0) should give ¥ — ﬁZ

vV 3 5 2rmkgT
= S(N,V,E) = Nkpln -+ 5 Nkg [g o <T>]

Sackur Tetrude eq. : S is extensive.

Classical derivation ...

1 1
Z - / d3Nq/ d3Np _ —VN03N(2TTLE>3N/2
ol Wo >, p2<2mE Wo

8



wy is chosen with Y 7=3)

1 2mE
5 = O EEPE Sy =

Where % is the Gibbs correction and h is the volume of one state in the p,q space.

Ex: evaluate wq for harmonic oscillator.

Equipartition

Ty =q¢; Or Py

S xi%dw Aa%f...fxi‘a%dw

( 8H> E-lA<H<E+1lA O<H<E
Oz [ ] dw AL [ [dw
E—1A<H<E+3}A 0<H<E
where dw = dsjvv,%g]iv 2 Noting that % = 0 and integrating by parts
: J
0 22
numerator = / . /xi%(H—E)dw = / . /dxk#[a:i(H—E)]xf‘l)—éij/ . /(H—E)dw
0<H<FE ! 0<H<E ! 0<H<E

. 2 .
Assume H(z;) — oo and monotonic, e.g. - or at walls of container.

(12) "all energy is in x; H(:vg.l)) = H(m(.z)) =F

At boundaries, z; J

therefore, the first expression on the right side vanish. Returning to (xi%> we have:

2. [(E-H)dw [ ... [dw

oH 0<H<E 0<H<E 0ij kpoi;
(Tig—) =i =0y = = = 0i;kpT
0z; %f...fdw j%f...fdw %lnf...fdw (g—fj)N,V
0<H<E 0<H<E 0<H<E
concluding:
;28N = 6, kT r; — oo  with H(x;) monotonic unbounded.
Ox; »J J J

E.g. (Specific examples):

OH )
Ty =T; = Dp; <Pi%> = (piGi) = kT

(2

OH
0q;

T =xj = (=) = —{@p:) = kT

for quadratic Hamiltonians (usually at high T)

H =Y A} + B

J



for such systems we clearly have:

oH oH 1
Z(pj@ + Qja_([j> =2H = <H> = §f/{?BT

J

f=No. of degree of freedom = number of quadratic terms in H.
Each harmonic term in the quadratic Hemiltonian makes a contribution of %kT towards the

internal energy of the system and hence a contribution of %k towards the specific heat C,.

Example: molecule with m atoms

C.M: 3 translations + 3 rotations non co-linear molecule

3 translations + 2 rotations co-linear

(To understand the significance of colinearity, note that quantum levels % form a
classical continuum if h—; < kgT. However, if I — 0 as in a colinear case, at kT < h—; only
the single ground state is relevant)

3m coordinates = no. of vibrations = 3m-6 non-collinear

or = 3m-H collinear

Translation (%), rotation (g—;) - 1 quadratic term

2

3 3 o mw?z? :
Vibration (5% + ™5%) - 2 quadratic terms.

1
(H) = 5[6 +2(3m — 6)|NkgT = (3m — 3)NkgT non — collinear

1
(H) = 5[5 +2(3m —5)|NkgT = (3m — 5/2)NkgT collinear

Virial Theorem (Clausius 1870) ...

The Virial of a system is by definition, the sum of the products of the coordinates of the

various particles and the representative forces acting on them:

3N
V=) (qp;) = —3NkpT
i=1

E.g. ideal gas in box:

10



p # 0 only from walls at ¢; = r
p=—Pds

where: P is pressure, ds is surface element and p is

momentum hitting ds (of all particles)

V:Zf’.ﬁ: _p]éf.d}:—P/(ﬁ-F)dv:—BPV=>PV:Nk:BT

Consider now classical particles i, j with 2-body interaction
u(rig) « rig = |ri — 5.

B 0
=755 ZJ:U(!H = 7;l)

. . ou(r or? Ou
Zﬂ'pi = _Zri'a_ﬁ“(h"i—?ﬂ)a 8;) T OF o2

i 0,7
Sum over pairs:

: 0 Ori—r)2  Or; —r)?
Zﬁ-~ﬁ-=2— o (ri = 1) +rj(rj—f)]+wallpressure:

2 [ - -
= ory; or;

27’

0 =
_Z (27 )+2TJ B Zr”&m

1<j 1<)

The net contribution, arising from all the N(]\;_l) pairs of particles, (N > 1):

1 N? 0
§N(N_ 1)< // 2—g 1 —7”2) 3r1d37’2/\/2 QV/Ta—u ( )47T7”2d7‘

g(r) pair distribution function

N? [ Ou
= —— 4 2d — = —
1% 2V/0 5 9(r)4mr*dr — 3PV = —3Nk5T

B 2 [ Ju(r) 5
PV = NKgT[1 3/€BT/0 o g(r)ridr]

Also:

3 41n
E=-NKgT[1 2
SNKSTIL+ T (gt

where the 1st term in the square brackets stands for the Kinetic energy.

11



1lc. Ensemble theory - generalities

o(p, q,t)d*N qd®Np is the probability of microstate(p,q), with normalization

/ p(p. q,t)d*Nqd®p =1
FE=const

Average: (f) = [ f(p,q)p(p, g, t)d* qd*Np

Equilibrium: all observables % =0= % = 0. In mechanics we start with a point
p(0),q(0) in the 6N dimensional phase space, follow trajectory and average on time.
Ergodic theorem: Long time average = ensemble average, i.e. probability concept p(p, q,t)
is equivalent to mechanics.

Liouvill’s theorem

p(t), q(t) satisfy Hamilton’s equation and define a velocity in phase space
v = (q,p)

Net flow of states from volume w, with surface o, is = —% [ pdw

é/p(ﬁ-ﬁ)daz/dw(pﬁ)dw: —%/pdw

true for any w =-. Continuity: % + div(pv) = 0.
= Consider p(¢;, pi,t) for a collection of states ¢;(t), p;(t)

dp dp. Op. 0qi | Opi\
ot +22.: <a%‘qz * apz‘pl> +pzi: (5% * 3]%‘) =0

9¢;  0H op;

dq; B 0q;0p; B _5Pi

0q; opi \ _
and therefore (a_gi + 8;) =0 leads to

A _ o

= Hl. . =
dt (915 + [/), ]pozsson 0

. . . . . d
Local density as viewed on moving points, is constant, hence % =

No. of states is conserved = incompressible ”fluid”.

Equilibrium:

dp op .  Op .\ _
o 07 Z <aqi% " api“) =0

12



solutions:

const E—3A < H(p,q) < E+ A microcanonical

p(p,q) = _
0 otherwise

In general p can depend on constants of motion, e.g. H(p, q).
p[H (g, p)] — canonical ensemble
In microcanonic p(p, ¢,t) = &

S=—kplnp=—kp / p(p,q.t) In p(p, q,t)d*" pd*Vq

defines entropy also in other ensembles, in equilibrium. Is this form of S valid at non-

equilibrium? but then

ds
= —=0
dt
which violates the second law.
Arrow of time
| il
—

Consider volume expansion I—II. For N = 10?°, volume increases by factor 2.

1

The increase in number of states is 219”11 all states of I evolve into II, but only fraction F7070

of states in II evolve into 1. Probability suggests that S(t) increases.

Just probability is not sufficient:

Consider I—II—III, increasing volumes. States in II most probably go to III, but where do
states in II come from - most probably also from III !? not I?

Time reversal invariance: a state x; in I evolves into x5 in II. Now reverse all momenta in
Ty — R5.

RZ5 is a state in II. It’s time evolution yields x; in I, i.e. it is possible to find a state that
lowers entropy.

The difficulty with RZ5 is that it must be prepared accurately; a minute perturbation causes

instability (chaos, the butterfly effect). Nature does not allow ”perfect aiming” with accuracy

~ 21020 )

13



= need probability + stability, i.e. information on nearby trajectories, ”coarse grained”,
then entropy can increase with time.
Hypothesis: Universe started with low entropy, low entropy radiation from the sun produces

low entropy food etc...

1d. Canonical Ensemble (CE)

Consider a system that is embedded in a larger "heat

bath”. Energy exchange is allowed, i.e. F, is not fixed. Ee @

r is point in phase space of the system.

Reservoir energy Fg, E, << Ej
Er+ E, = Ey = const

probability of state r P. ~ Qgr(ER), i.e. the number of states of the reservoir.

[note: No. of all states with energy F, = Q.(FE,)Qr(ER)]

= P, ~ Qp(E) — E,)

0InQ
In Qp(Eo — E,) = InQp(By) — %MOET + oo =InQp(Ey) — BE,
PT _ 676E7‘
Zr G_BET
B = - is determined by the reservoir. The partition function is defined by

kT

Zy(V.T) =) e

r

Define F BY Zy = e PFTV:N) [dentify F:

0 oF
_9 —BEABF _ —BEABF [ _ or
0=g52.c S ET””(%)V)

r

) =0
aT ),

solution of this differential equation is the free energy F' = E —T'S.

= F(T,V) = E(T,V)-T (aF)

Alternative proof: Assume dominant energy in sum »_ :

Zn(V,T) =3 e PP =3 Q(E)e P = Y S0 ko sE
E

r E

14



dominant term at E*:

) __0S(E) 1
S (S(B) — B) = 0= = | =

E* is such that the MCE at E* has the temperature T.
S(E")/kp — BE" = —BFucE

where Fycp is the free energy of the MCE defined with variable E*, V| N.
Note: S(E*(T,V,N),V, N) defines F(T,V,N).

Fluctuation near E* (expanding S around E*):

S(E) S(E*) 1 &S

kp —hE = kp _BE*—‘_Z/CB@E*(E_E*)Q—{—“"
where,
s oyyry 1 1 1
OFE? oF T2 0FE /0T T2Cy’
and T, Cy are for MCE.
In(V,T) = e Pruce Ze_(E_E*)Q/%BTQCV = Gaussian.
E

The weight of £ # E* decreases rapidly with width,

VIE-E)?)  VET?Cy 1
B - B T JN

To find the partition function, we replace the Sum with Integral,
1
— [ dE
> g
E

where A is the energy level spacing (as above A o« N* — In A ~ In N), and

— 0.

_BF _38F
ZN(V,T) = eﬁ%/eEz/QkBTchdE _ ¢ B ‘/QZICBTZOV _ e*ﬁFCE,

= Fop = FMCE+O(1DN),

where FCE7FMOE ~ O(N)

Insensitivity of thermodynamic results to type of ensemble due to:
1. Q(E) ~ etV ~el)F — oo: exponential increase.

15



2. Thermodynamic limit: £, N — oo.

E.g. for ideal gas, Q(E)e #Z ~ e(3/2NIME-GE with maximum at E* = 3NkgT. For E # E*,
Q(E)e PP practically vanishes.

Note: The energy fluctuations can also be identified by evaluating the specific heat:

0 -1 9 Y, Eet -1 > 2
Cv = a_T<E> " kgT20B S e fB T kpl? (= (E%) +(B)7),
where
(E-(E))*) = (E*—(E)*) = kpT*Cy ~ N.
Examples:

e (Classical systems: the general expression for the partition function,

1
/ 6fﬁH(p,q) dBNQdBNp,

ZN(V> T) = N!th

where, N! is Gibbs normalization, and h corresponds to a volume of one state in the

q, p phase space.

o Ideal gas: H =), p?/2m,
VN o0 9 N 1 \%4 N
B —Bp?/2m 2 L
ZnN(V,T) = NN (/0 e PP /2 m gy dp) = N ()\3) ,

h
V2rmkgT’

This A corresponds to a deBroiglie wavelength for momentum ~ mkgT ie. A ~

W)/ = hfv/mEgT.

where,

A

the thermal wavelength.

F = —kgThnZy = NkgT (InNX°/V —1),

b _(OF\  _ NkT
B NV )yp VO
OF , .
S =—|= = Nkp (InV/NX> +5/2), asin MCE,
T ) n v

OF
= [ = = kgTIn N)\3/V.
g (aN)T,V sT I NX/

16



e Consider N noninteracting molecules with internal energies €;, n; molecules at level ¢;

are indistinguishable.

1 - €M —Bp2%/2m

ZN(V,T) = E :nolnl!...e B2 €mi /6 8% /2m 3, 334
{n:} ~ 4

center of mass

N
—VN 3 . . . .
T N3N (Z €ﬁ€’> : using multinomial expansion
i

1
=N (2 (v, )Y, Z

% ‘ o
e Z e %% partition of one molecule.
i

Note: The multinomial expansion is:

N 1
a; = NI ——a"al?...
(zl: Z) anlngl L2 ’

where the sum on distributions {n;} is restricted by >, n; = N.

e Diatomic gas:

H= & + ﬁw(ui 1/2) + p%(kin/z]/,

electron vibration rotation
Z = Py eI S gk 1) IR S 00 1 1)
v=0 k=0 s

————

nonidentical atoms

where s is the spin of the two atoms.

Tyor = 5% / 2ke PRl gl — 21 /BR?,
0

1
Zrot—class = ﬁ/e_ﬁ(M3+M5)/2IszdMyd9g;d0y = QI/ﬁFLZ)

The two atom axis is £ and df,d0, = d{2 — 4x is the solid angle.

If the two atoms are identical, we need QM:

There is a constraint: s+k needs to be even. [Orbital exchange has (—)*, spin exchange

has (—)***7%2, hence both Fermion and Boson symmetries are obeyed for s+ k even]|.

17



Spin | k |degeneracy = 2s+ 1
Hs|ls =1|odd 3 orthohydrogen
s = Oleven 1 parahydrogen
Ds|s = 2|even 5)
s =1]odd 3
s = 0|even 1
Zﬁ% — 3 Z (2k + 1)6—Bh2k(k:+1)/2] + Z (2k + 1)6—3712/k;(k;+1)/217
k odd k even
Zn o= 3) L+ 6> .
k odd k even
T %5_}; S @s+1).

s

In the last equation, the % is the classical reduction of angular integration by factor of

2, for identical atoms.

Equipartition:
OH fx,-gTIie_BHdw
<a_> T JetHdw
O
numerator = xia—He_ﬁHdw: _—1 /dx#jxie_ﬁH ] + l/e_ﬁHdwéij.
0z; v e B

In general, the energy H(m§1’2)) — 00 at the boundaries of z; = <xi%> = 4;kpT.

E.g. ideal gas:

o PP\ 1, .,

—2
. Di o §
E = Z<2m> = 2NkBT.

7

Extreme relativistic: H =), ¢|p;,

Gia = = Y e A
R - 3

i

as the power of p smaller, the energy is higher for given temperature.

18



le. Grand Canonical Ensemble (GCE)

System in heat bath and particle reservoir.

E,. < Er, N, < Npg

E,.+ Er = Ey = Const

B .
N, + Np = Ny = Const.

The combined system is microcanonic.

7 is a point in phase space of the system, which now includes all N, (< Ny). The probability
of a point r with E,, N, is P,

Pr X QR<NO - NT7E0 — Er)

8anR (‘3an3| E
ON op T
= In Qr(No, Eo) + BuN, — BE,

In P, ~ In Qr(No, Eo) — o Ny —

B =1/kgT, p is imposed by the resevoir
= P, = HNr=PEr /1
The grand partition function is

/’L7T V Z BuNy—BE, = e—ﬁﬁ(u,T,V)

Identify Q :

r

0 5
_ BuN, —BE,+BQ __
86%6 = (,uN E+Q+6aﬁ>

09
ar
The energy E(u,T,V) shows that the solution to this differential equation is the theromo-

dynamic potential, since @ = F — uN = E — uN — TS = E — uN + T2

= uN — E+Q-T-

Alternatively, if >, is dominated by one term

L = PN Z e PP = IN-BF o O = F — uN = =PV
r,N fized
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Define fugacity ¢ = e”*
E(Cv T’ V) - Z CNZN(V7 T)
N=0

So that the weight of each N = (N Zy/L.

N = Ca—glnﬁ(f T,V)|ryv

E= —iln[,((’ T V)lgv etc.

9B

Ideal gas: with internal energies ¢; for each particle,

Zl:ﬁ A —FG(T)
1
Zy = meVé L‘:ZCNN‘ZfV—eCZl
N
PV PX3
= (Z =P (T kgT1
knT (Zi=e a(T) = p=kg nkBTa(T)
PV nA3 nA3<1
N = —1 T Z1 = = kgT In(—— —
g C HE(C,V, ) g 1 — kBT:M B n(CL(T)) -

Particle (N) fluctuations:

Weight W (N) = e#N=BEWNVT) /2
Maximum at N such that 4 = S—fvl > 1€ flean = g—ﬁ equals p if N is chosen at this maximum,

N = N.

For maximum need 2 aNg Ll > 0:
V
F(N.V.T)= Nf@w) o=
For fixed V, 2 N = ;\})86 , hence
oF 8f PF V2O f
on 10 v = v T Naw
Since P(v) = —% =7 = ng};]N —%%—f (or = 8%%) we need (22)|7 < 0 for W(N) being

a maximum ( this is Van Hove’s theorem, Huang first edition p.321 - general proof; Huang
second edition p.206 - for the special case of hardcore interaction)
Physically obvious: if P > P,,; the net force increases V; now 1f > 0 P increases even

more and equilibrium (P = P.;) is further away.
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CE and GCE are equivalent by this thermodynamic stability criterion (%NT < 0.
Note however, that at a 1st order phase transition, e.g. the gas-liquid transition, 0P/dv = 0

and GCE is not equivalent to CE, hence large N fluctuations are expected.

W(N) e W(N)e 3017 o (AN?)? = % ~ VN

(AN?)? N o 1/VN = 0

Energy fluctuations:

_ Ooln L
-N"E.P = —
San=-()

2 2
o b(55), <7 (G (), e
¢V

oT “\or )y \ON ), \OT ), VT \ON )y \OT )y,

B OE(S(N,T,V),V,N)\ S
dE = TdS PdV+udN:>< o TV_M+T o

0 (0F o
oo (L), e ()
(8]\/ oT N’V>T,V o) yv

Chain rule (22 )z (a—i’) (&), =-1
prove by dr = (8 ).dy + (2£),dz = 0 which yields (a—y)

) () (), (5) ), ()
oT v oT WV ou TV oT ¢ ou TV oT NV
ON ol ON oF
_ 7= - f *
( 8/1) [U (8T>N,V ( o > (8N>T,V rom (%)
ON oOF
NE?2 -
= AFE ]{ZBT Cv+l€BT < ) <8N)T’V

o
> (AE?)wun

oF
ON ) 1y

21
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(AE?)z/E ~ 1/v/N — 0 except at Phase transitions.

Summary: Thermodynamics:

E(S,V,N) dE = TdS — PdV + udN

E—TS=F(T,V,N)  dF =—S8dT — PdV + udN

F — uN = Q(T, V, p) dQ) = —SdT — PdV — Ndu

Statistical Mechanics:

)
" (E,N fized)
Z = Z e P = ¢

T (N fized)
£ = Z eﬁUNr*ﬁEr — e*ﬁ(T,V,u)/kBT GCE

1= €S(E,V,N)/k3 MCE

—F(T,V,N)/kpT CE
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2. QUANTUM STATISTICAL MECHANICS

A system of N particles is described by a wave function (71,79, ...). Since the particles are

indistinguishable, upon exchange of particles 7; < r; the wave function acquires a phase %
UICER R ) :ei%(... Ty T ).

This particle exchange is equivalent to a rotation by 7 in the relative coordinate r; — r;.
Exchanging the particles ¢, 7 twice is equivalent to a 27 rotation, which in 3-dimensions is
equivalent to the identity operator [a circle on a sphere can be smoothly deformed into a

%9 — 1 and there are two types of particles in nature:

point|. Hence e
¢ = 0 symmetric 1 for bosons (Bose Einstein statistics (BE))

0 = 7 antisymmetric ¢ for fermions (Fermi Dirac statistics (FD)).

In particular fermions obey pauli’s exclusion principle [antisymmetric wavefunction at r; = r;
vanishes|. Note also the spin-statistics connection, i.e. integer spin particles are bosons, half
integer particles are fermions. Note also that in 2-dimensions other statistics are allowed;
since the 27 rotation is now a circle with a singular point r; = r; at its center, the circle
cannot be deformed into an identity operation. In 3-dimension one ”escapes in the 3rd
dimension” avoiding the r; = r; singularity.

We also define a ”‘Boltzman statistics”” (MB) where only the particles at the same energy

level are indistinguishable, i.e. for each energy level € we add a factor of %

2a. Ensembles for ideal quantum gases

Micro Canonical Ensemble

We group the different states into energy levels e
¢; with degeneracy of g;. Each level is occupied gainy
with n; particles. For the statistical treatment % % _—
we assume g;,n; >> 1. %

8 B= gy,

Q(N,V,E) = Z/ W ({n;})whereW ({n;}) = H W (i) for a given distribution{n;}
{ni} g
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The prime on the sum denotes the following constraints:

an:N and anqu

For bosons, each energy level can be occupied with n; particles within g; folders with ¢; — 1

(ni+gi—1)!

divisions. Hence we choose n; particles from n; + g; — 1 objects, W (i) = n'!(g'—l))] and for

all energy levels we have

For fermions we choose n; sites from the g; available ones, so

ni+ 1—1!
WB.E.:HM

_ gi!

For the Boltzman statistics any particle can occupy any of the states up to the Gibbs

correction (ni) for the indistinguishability of the particles in each energy level

.|
i

Wus =] %

i

The Gibbs factor correctly accounts for permutations of particles in differen quantum states,
but also unnecessarily corrects for particles that are in the same quantum state where correc-
tion is not necessary (e.g. one symmetric state only). Therefore n;! is an ”over-correction”
and is valid when the density is low n; << g; and there is a small chance of all particles
being in the same quantum state. This is also reflected in the possible situation g;"* /n;! < 1.

E.g., consider two particles in two states n=g=2:

1
War =3 {laa), 1), s (ab) + o)}
1
Wep =1 —=(|ab) — |ba
FD \/5(! ) = |ba))
2? ) .
Wyp = o= 2 5 of Jaa) orof |bb) isad hoc.

The entropy of the quantum gas will be

S=kpln| Y W({n})
{ni}

24



We now find the distribution n; that maximizes S. Using the method of lagrange multipliers

we demand
) [ln W{H{{n}) —a Z n; — Z niei] = 0.

with a, 3 to be determined below. Rewrite our 3 cases as

i n;
l n (2 _a) — T (1-a
W({n;}) Zn n( a) " n( agi)

where a is defined by a = —1 (BE), a = +1 (FD) and « — 0 (MB).

Performing the variation yields

Z{ln(%—a)—a—ﬁei] on; =0

so that S is maximized by the distribution

R

The value of S at its maximum is therefore
S/kg =InW({n;}) Zn (a+ Be) + = 1n (14 ae™*F4)
The coefficients a and 3 are determined by the constraints on N and E:
— 1 [0S Oa 8ﬁ
L= (= =N E
WeT <8N>E’ <8N Tet s oN
g —ae P oo aﬁ
+ Y | a5 =a
al+ae~Fs |\ON ) ON

since the last sum is — N (g—ﬁ‘,) rv— E (—ﬁ) . The coefficient 3 is identified by

ON
1 1 [0S 36! ap
- - == = N[ = El ==
kgT kg (aE)N,V (aE)N,V i (8E)N,V w0
g; —ae P

g —aeet [(oa\ (o8
a1+ ae—a P oF NV oE

S +pN—E_ PV
kg kgT — kgT

_|_

The equation of state is obtained by

1
- E giln(1 + ae™>P4) =
a =

25



so that finally
( FkpT > giln [1 T e(“_ei)/kBT] a=F1 )

PV =
kgT Y gie P =kgT Y nf =kgTN a=0

\ /

Canonical and Grand-Canonical ensembles

In the GCE there are no constraints on N, E. Hence we label by i all quantum numbers

that completely specify a state so that g; = 1 and
Wep{n;} =1 (if all n; = 0,1) or 0 otherwise
1
Wys{ni} = H =
notice that Wrp < Wy g < Wgg. E.g. with N = 2 particles in two states

1
—(Jab) + |ba)) 3 states

V2

(lab)y — |ba)) 1 state

BE: laa), ]bb},
FD: 7
a),

MB: la 21bb), lab) 2 states.

Consider briefly the CE constrained with ) . n;, = N,

Zy =3 W(ln})e T
{ni}
and for the MB distribution

N
L 1 1
IN = Z H (nl _&Zﬂl) N = using multinomial expansion = (Z 6_561> =W (Zu(V, T))

{ni}
[Note: with ¢; — 0 we have Y- Wyp{n;} = NV/N! for N particles in N states]. For the
BE and FD statistics one has to proceed to the GCE, to avoid the > n; = N constraint.
LV, T) =3 N znvr) =3 ST (e ™)™ with ¢ =
N=0 N=0 {n;} i
here the first sum determines the constraint N on the second sum. However, since anyway
we some on all occupations, we can sum them on each level independently,

£ T e )T

nE,N1,e..
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-2 -1 0 1 2 3

(7)) —
now using » | 2" = ﬁ we get the result for each of the distributions
L=< I (1 + ¢e ) FD

{InL=(Z=CY e’ MB using ) % ="

/

The GCE relation is

PV

1 s
IH,C:kB—T:azZ:IDO.—I—(Ige B )

and recall a = —1 for BE, a = 1 for FD and a — 0 for MB. For N, E we have :

~_(o(nL) B 1
NC( a¢ )V,Tzéeﬁei‘Fa

i

oln L €;
E = — g _—
( op )g,v Z %eﬁei t+a

%

The mean occupation number is given by

(i) = % Z Z ni¢Ne it

N {n;}

1 (aln£> 1
BN\ 06 )emjp ¢ +a el ta

The figure illustrates the various cases. For FD, if y > € and low temperatures the mean

occupation tends to 1. For the BE case, the condition i < € must be valid for all € to
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maintain (n;) > 0; this leads (see below) to BE condensation. The MB distribution is valid
only when (n;) << 1 which means =% >> 1 for all ¢;, hence p < 0 and |u| > kpT or ¢ < 1.
The condition on the density is N YOV e P = (X sz which implies high temperature or
low density limit. Note that both BE and FD approach MB at this limit of ( < 1.

2b. Ideal Bose gas

Here ¢; = p?/2m and the summation index is 7 = p.
A note on momentum summations: The sum Zp actually stands for a sum on integers
Nz, Ny, N, that define p,,p,,p. via periodic boundary conditions. E.g. e®?<l«/" =1 with L,

the length in the z direction, p, = 2’rhnm, hence for any function f(p)

> f) /LLL @M@:%/}@f

N, Ny ,Nz

In radial coordinates we then have

P 47 oo 2 2 1
— = In(1 — e PP /2™)dp — —In(1 —
N dx [ (1 g0 - 1 ¢
- 7 - m_ 1l dp+ ——=
4 fﬁé plf PryI—¢
The p = 0 term in the original sum is singled out. It is the number of particles Ny = ﬁ in

the single state p = 0. [Equivalently, need (e ™% < 1 to allow convergence for L.]

The crucial property of bosons is ¢ < 1 so as to keep all state occupations (n,) > 0. For
a given density the integral term decreases with T' for a fixed (; to keep N/V fixed ¢ must
increase, but it is bound by ( = 1. The integral is bound at ( = 1, hence below some T, the
integral becomes < N/V and a macroscopic part of N must populate the p = 0 state. This
is Bose Finstein condensation.

The correction in the pressure equation is negligible:

1

1 1 always
l-(=————=—=In(1-() = =1In(< Ny > +1 0
= remys vl =9 =ghal<No>+1)
The boson thermodynamics are then given by
P 1
k;B_T = ﬁ%/z(o
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N 1 < Ny >
Vo FQ3/2(C) + v

1 ® g lda = ¢t
F(n) 0 %69” —1 ; 14
For small ¢ we use the expansion to eliminate (:

P o
= v Z ag(nA?)1

NKT —
=1
(ap = virial coefficient)
1 ! 0.176 0.0033
a; =1, ag=——7==—-0.176, a3 = —0.0033 .....
1 2 NG 3

For specific heat:

E= _(%IHL)C,V = k'BTF2 |:a—TT o = §kBT]{jB_T = §PV

since the virial expansion for PV has T(\3)“! ~ T°/2734/2 terms.

Cy 1 (0FE 3 (0 PV 353 o
W_Nk(aT)N’V_Q(aTNk)NV_Q; g lnX)

3
= 5(1 +0.0884n\* + 0.0066(nA*)* + ...)

Cv
08 N
Cy=T|(=—= =0 0 \\

T ) v

hence Cy looks roughly as:
T
g3z (8)
If nA? < g30(1) = ((3) = 2.612 z
< N,
0<(<1 and 0>:0 2.612
If 3 <No> _ g%(l)
nA >93/2<1) v T T s > i ¢
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with ( = 1 and finite density at the single =
€ = 0 level. K

Transition at n\?> = g%(l) = kI, =
27h? 2/3
—2fr . n =
m[gs/z(l)]% —_ -
.61
When ¢ =1, < N; > is negligible since ¢; ~ h?/V?/3
<N;> 1 1 1V2/3MOO
=l
<Ng>/N

N, g3/2(1)

AVT ST, == =1-24G" .
T 3/2 nC(T)
T.(n) n
T/Te

. g3 (1)
Two fluid concept: < Ny > condensate, —53— normal component.

P %95/2(0 n < n. (normal)

3595/2(1)  n > n. (condensed phase)

all excess particles beyond n. occupy p = 0, \ 5

< Ng >= N — N.(T), even at n — oo with A
no contribution to P. Along AB % =0, two \\\ —

phases coexist with phase A that has n — oc.
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P.~T?
This corresponds to a first order phase tran- N
realization
sition, 1/n jumps by A(1/n) = 1/n. as pres- « Condensate on line
sures increases. Nor mal
T

Note that there is no realization of P > P.(T'). The equation of state defines a 2-dimensional
surface in P, T, n; the figure is a projection of this surface on the P, T plane. There are no
points on the surface that project onto the region P > P.(T'). Consider a fixed n and an
initial high temperature where P = nkgT and P < P.(T). Now as T decreases P approaches
P.(T) at T., and upon further decrease of T, P stays on the critical curve P(T) = P.(T) for
all T' < T,. This feature is an artifact of the ideal gas; once hard core repulsion is added, at

sufficiently high density (in a constant 7" trajectory) the pressure will start to increase.

Clausius Clapeyron:

dP, AS/N
ZTNEY
AS is the jump in entropy. We will evaluate S directly:

¢
s PV n E ) PV n %giiig)—lné T>T,
Nk’B N/{ZBT Nk'BT kT 2N]€BT kBT 595/2(1)_§95/2(1)N—<N0> T<T
2 03 2g3(1) N = Le

AMT <T,, S~ N- < Ny>= Nuorm, no entropy for the condensate. Above the P.(T)
line S/N — 0, while just below this line

V S 5k3g5/2(1)
N=— )= — = —
ade) = 5 =5 g32(1)

A(l/n) =1/n.= )\3/93/2(1)

Counsider now the derivative

P, 1 T
C;Tc = g QS/;( ) obtained from P.= 11—395/2(1)

This proves the Clausius Clapeyron relation.
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Note that AS implies a ”Latent heat” TAS = 1st order transition.

Specific heat (T < T,): . 9C23\,5/ Nk
C, 3V d T, 15¢(3) — L5 === f —— ===

Nr — an%eWgrGE) = s

dCy  dgs2(Q) _ 912(Q) =1
dar = ¢ T, !

At T > T,

The shape of Cy (T is similar to the ”\ transition” of He, which looks like the letter \.
For “He by this theory T, = 3.13°K, by experimental results T, = 2.19°K.

Note: In a real superfluid there is a finite critical velocity v, below which there is no dissi-
pation to the flow. This implies that at momentum k and frequency w the current states

vtd/dz) which cannot

have excitations w = vk (note the transformation to the moving frame e
decay into the excitations w(k) of the system at rest, hence v. = min{w(k)/k}. The ideal
gas is therefore not a real superfluid since excitation energies are e, = h*k?/2m, so that

v.=0at k — 0.

With repulsive weak interaction g ex

one has at £ — 0 ¢, = hk (‘]/V—yi)lﬂ,

and critical current is finite either o

from this limit or from a ”roton”

minimum (see figure) so that

Ve = u}0/]'{:0- ko

Black body radiation

Photons in thermal equilibrium correspond to bosons with p = 0 since there is no conserva-
tion law for photons, hence N minimizes F, i.e. 0F/ON =0 = p.
Photon spectrum is fiwy, = hick with |k| = k. Photons have two polarization states, e = +1.

7 = Z e_BZn,e hwing,e Hie—ﬁmkn _ H TQ_ﬁmjk
k

{nk.e} k,e n=0
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InZ =—-23,In(1 — e ?™*), same as the GCE £ with = 0. (Note F =  when y = 0).
-1 0 2

n = n’z =
) = ) exp (Ghwy,) — 1
n(w) is the number of photons with the frequency w.

S ) = #/@k?(@dk: é% /(%)Zd(%’)<nk> /Ooo n(w)dw

k

3 h u
u(w) = hwonfw) = exp (ﬂa;w) — 1723

This is the Planck’s formula for energy density.

The total energy

E ° w2kt
— = fuwn(w)dw = B4
v /0 nwlde = {55
cy o< T? is unbounded as w — oo can con- 2.82K,T hew

tribute.
R is the rate of radiation through a small hole in a cavity. We need to average only velocities

with v, > 0
w/2 T c
(V2)v,50 = c/ cos Od(cos 9)// d(cosf) = 1
0 0
_Ec  7kp
- V4 60R3c2
where o is Stefan’s constant (1879) o = 5.670 - 1078 Watt/(meter)?(Kelvin)*.

=R T = oT*

We use periodic boundary quantization where 7 has integer entries,

o~ hegmln] O, le
o = helkl = T = Gy = 3w
Therefore
10 1 1 4o
P=—-—InZ=-——-Yhw =PV=-E=P=_—T"
Gov 4 = gy kg 3 3
(for nonreletavistic bosons €; ~ V=2/3 = gLVk = 2% = PV = ZE)

Note that (a—)T =0= (An®) — o0

If the photon had a mass m ,then at kT < mc?* Stefan’s constant o would change by a

factor 3/2, inconsistent with experiment = photon mass = 0 (i.e. less than the experimental

]{/‘BT/C2.)
Phonons
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Consider N atoms in a lattice that have 3N vibration modes, labeled by phonons with
wavevector k and 3 polarizations. In the Debye model: w = c|k|, w < wp,

Wi 2
3N =353 = SL /47Tk2dk: = / f(w)dw, f(w) 3LV
0

(2m)3 T 228
1/3.

Integrating f(w) yields the cutoff frequency w,, = ¢(67?n)'/3; the Debye temprature is Tp :

kTp = hw,.
3N

7= oS ] ﬁ

ng =1

where i = {k, polarization}.

3NkgT(1— 312 + ) T>Tp
3NksTZ ()2 + Ofexp (—72)) T < Tp

~T3/

T

Experiments on specific heat confirm that noninteracting phonons are normal modes of solids

at low 7.

2c. Ideal Fermi gas

PV 2
T =Inl = Z In (1 + Cexp (—Bp°/2m))
p,spin

Where ¢ = exp (Bu) and
(np) =

%eﬁpzﬂm +1

so that N.=3_ . (n,).
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P _47r
ke T 137

where g = 2s 4+ 1 is the number of spin states

/o dpp®In (1 + Cexp (—Bp*/2m)) = %f5/2(<)

_Aw *° 9 1 g
n= ﬁg/o dpp m = Ffz%/z(o

%exp (r)+1 7 g

/=g

0 < ¢ < oo (unlike bosons!)

For n\3 < 1 or ¢ < 1:

1
n\/g=¢— CQ/QS/Q + ..., [(n,) — En)\s exp (—f¢p) is MB form]
Py 2 /65/2 _ 1 3

This is the virial expansion. Consider next nA® > 1

1 4
TN =

g 3T

Where ¢ — €%, so that by comparing T' — 0 terms

[(In¢)*? + %2<1n O~V ]4+0(1/¢)

R* 672n.,
— (/8
r 2m( g)

To confirm the T' = 0 result (n,) —

1
exp(,@(ep——ep))—l SO that all the states

with €, < ep are occupied. Therefore

Er £

v vV o4
N / dp= L T8 = e = pl/2m
ep<€éR

~ 953 (27h)® 3
confirming the result ep = %(%)2/3.
Expansion at kg1 < €p: )
pomerll = T



3 5 kuT.,
E=°Nepl 4 2(Flye o 1 _9py
sVerll+ () 1= 35

The first term is g3, p?/2m. The second term corresponds to a fraction kgT'/ep of

3

excited particles with energy kT, hence excess energy is ~ T2 and ¢y ~ T.

At T=0 the pressure is due to occupied states that have p'# 0.

2d. Non- Ideal gases

Atoms have on average (dipole)me = 0 (time average is also equivalent to ensemble average).

However, the dipole moment of one atom induces a dipole on a neighboring atom such that

(dipole - dipole)ime # 0. This energy is ~ —%6.

Lennard - Jones potential: U
U = c[(2)2 — ()]
bp~2-5 A,

e~ (1 —40)-107**Joule
~ (1—40)-0.1°K

Virial expansion:

1 2
7 = d3di3N7’e_B[zi”i/2m+zi<j Uri=r;)]
v |
= ZO% d*Npe P ricg Ulri=ri)
1
= Zomy [ @Vrl(e Tt 1) 1]

where Zj is the non interacting partition function.
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16 BUO

1
For low density, each pair contributes independently: —\
0 r

7 = Z[ f(d3r1d37"2 —BU(r1—r2) __ 1)4_1} V
F = kBT— / “UTr) ) dPrydPry
1
B(T) = 5/(1—e_ r)d?’r
N2

F = Fy+ksT 7 B(T)

OoF  NEkgT N
P=-7 = 1+ —B(T

TG 1+ 5 B(T)

assuming convergence (U # 1).

<0
b ’ ‘
0 %)
B%/ —|—/ .=b—a/T
0 bo

NksT,. N N
P = 14+ 2b) — a(=)?

NksT N, .
VN a(v) = Van der Waals equation

where V —bN is the excluded volume and the second term, —a(%)Q, is the pressure reduction

~
~

from the attractive part of the interaction.

GCE formulation

Low density — low fugacity ¢
L= ZCNZN(V, T)=1+C(Z1+Zy+ ...
N

for both classical and quantum theories define partition functions for N = 1,2 particles:

1 PV
L = (2, + C3(Zy — §Z12)+... =T
d 1
N = ¢——(In(L)) = ¢Zy + 2¢}(Zy — 5 Z7)
¢ 2
eliminate ( =
PV N\? 1 N
—— =N—-|(=) (L,—=Z)=N|1+B—
kT (Zl) (%2 =521) { + V]
1 1
B = _VZ_IQ(ZQ §Z12)



Evaluate now Z,, Z5: For Z; there are no effects of interactions or of quantum statistics, i.e.

) v h
7 = —bp*/2m _ =
! ; ¢ \3 SormkeT

Consider next Zy = Tr e "M for N = 2, first the classical problem:

1 RN |
Zy = 1 (/ d3pe’ﬂp /Qm) ‘ﬁ/d?’ﬁdsmemj(”w)

_V 80— BU(r)
= 50 /d re

From the expression above for B we obtain B(T) = —1 [(e7#V(=72) — 1)@%r;d3r; as in the
previous derivation.

Consider next the quantum problem with the 2-particle Hamiltonian

h? R? h?

H = ;—m (V3 +V5) +Ulr = r2) = = =Vi, = VI +U(r)

m
where r =ry —rq, R = %(rl + 73). The eigenvalues of H are % + E,, where P is the center

of mass momentum, hence

Zy = Y e PPAm LN e - %21/ Y e
P n n

Note that FE, contain information on statistics, i.e. FE, is restricted to eigenfunctions that

are symmetric in 7 for bosons, or to antisymmetric ones for fermions.
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3. PHASE TRANSITIONS

Order Parameter Example T.(°K)

Liquid-gas density H>O 647

Ferromagnetic magnetization Fe 1044
Antiferromagnetic sublattice magnetization FeF, 78
Bose condensation superfluid amplitude ‘He 2
Superconductivity electron pair amplitude Y BayClasz0~ 90
Binary fluid concentration of one fluid CCly — CrFy, 302
Binary alloy density of one kind on a sublattice Cu—Zn 739
Ferroelectric polarization Triglycine — sul fate| 322

Ferroelastic q = 0 distortion Ni—1T1

charge density wave q # 0 distortion NbSes 59

Metal-Insulator

Percolation

fraction of sites in percolating cluster

Definition: n-th order phase transition has a discontinuity in the n-th derivative of a free

energy. Hence a 1st order transition has a jump in entropy (—0F/9T) which is the latent

heat. A 2nd order transition has a jump in C, (contains 9*F/9T?).

3a. First order transitions

mid point

(assymetry)

coexisting domains

T

Infinitesimal change in P (liquid-gas on left figures) or in H (magnetic field in a ferromagnet
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on right figures) leads to a jump in density n (on left) or in magnetization (on right). In

P — T plane (left) or H — T plane (right) first order transition ends at a critical point T..

triple point liquid /

solid critical point

—|—
—|—
—|—

Consider the liquid-gas phase transition as a prototype of a 1st order transition

Critical

Liquid-gas: 1st transition, no symmetry change.

Solid-liquid: 1st order transition, change in translation symmetry.

Fixing V below T, leads to liquid/gas coexistence.

Fixing P leads to a jump in V from fully gas phase to fully liquid phase.
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Clapeyron’s equation

1

where G(P,T, N) is the Gibbs free energy.
Ag(P,T) = g2(P,T) — (P, T)

where ¢;(T, P) is formally continued across 7.

Define s = S/N, v =V/N

As = 89 — Sq;

P

or

&

1
e

() s

41
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By the chain rule
08g\ (9T (0P _
oT ) ,\OP ) A g 0Ag ) N

(0Ag/OT),  (OP As
(0Ag/OP), (a_T)

Along the transition line P(T') we get Ag = 0 =const.

we get

Ag

dP  As  latent heat
dar — Av TAv
Van-der Waals equation
A rough argument:
Verp =V =0
a
P = Pk'in - W

where b ~ N is the excluded volume and a ~ N? is a measure of attractive forces among

the molecules of the system; a ~ N? since there are N?/V? pairs. Hence

a
PeinVirs = (V — b) <P n W) — NKsT

At T > T, we get one solution for
the equation, and for T' < T, we get
three.

The three roots merge to one

root at inflection point P., V., T,

The parameters a, b are sample specific. To identify them in term of P., V., and T, rewrite

the equation in the form
a V2
(V-V)=0= [(V —b) <Pc + _v2> . NkBTC} B

By identifying each power of V' in this form we write a,b in terms of P,, V., T,, and with

P=P/P, T =T/T., V =V/V, we obtain

(+2) (-3
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P> P

P \_/
liguid P2 {P{Pg
B i i \/\/ Pi(P(Pz
:
\_‘:/ F«<H
]

which is the law of corresponding states — all substances have the same equation of state

when their P, V,T are measured in units of the critical point.
Note the region Wlth > 0 is unstable so that < (AN) > — 0.
Alternative derlvatlon (S.K.Ma p.470)

Go(T,P,N) = E—TS + PV

where
3 N
E = §NKBT— GINV
attraction from neighboring ~ N/V atoms, and
1 (V—=b NN
S = k’B In |:N| >\3—N

where b; N is the excluded volume and A is the thermal wavelength.

Proper G(T, P, N) is obtained at minimum with respect to V' which is a redundant variable

for G.

3 N2 V-0N
G()(T,P,N,V) = §NKBT—G,17—]€BT |:Nhl (W) +N1 + PV

If % = 0, we get the Van der Waals equation with a = a; N? and b = b) N |

Gy shows (see figure) that with 3 solutions 1 is metastable and 1 is unstable (max of Gy)
For P, < P < P, gas is stable, liquid is metastable.
For P, < P < Pj liquid is stable, gas is metastable.



P, is when gas and liquid are degenerate Go(V1) = Go(V2).

Maxwell’s construction

In general Gy = F(V,T,N) + PV where P(V) = —0F/0V. At Px:
Vo
0 = Go(Va) — Go(V3) = / [—P(V)+ Plav.
i
Hence the area between P = P, line and the P(V) curve vanishes — this is Maxwell’s
construction.

An alternative derivation: In terms of F'(V') choose V; and V5, such that parallel tangents

. . AF __ 9F
generate one line with 77~ = 7~

The line is
S O\
R W
Va |
I

Py(Va = Vi) = —(Fy — Fy) = /V P(V)dV

which is the same Maxwell’s construction. The line is

realized by coexistence of the two phases with fractions -
V]_ Vs Va
A
V=asVi+([1-2)l '*

(V-Vo)Fi+ (Vi = V)Fy
Vi—Va
= Phase separation at P, since V; <V < V5 has lower

Fline = LL’F1+(1—$)F2 = < F

|
|
|
|
|
x and 1 — z, respectively (0 < z < 1), |
|
|
|
|
|
|
|
|
|

Fiine then F' on the continuous curve.
When V is changed carefully to avoid strong fluctua-
tion, metastable phases can persist until they become

unstable; this leads to hysteresis.
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3b. Second order phase transitions — Mean Field theory

Consider ferromagnetism as a prototype second order phase transition. Localized indepen-
dent moments £ in a magnetic field B lead to magnetization

BuB _ |, o—BuB
- nhe e

o Nuptanh (GuB) .

Mean field theory for interactions: neighbors with magnetization ~ M/V induce an addi-
tional field, B — B + a%, a ~ interaction strength.

— M = Nputanh (ﬂu (B + a%)) has M # 0 solutions even if B = 0.

T ="T.,1=% a/kgT,

Expand near T,:

Susceptibility at T'>T,: B — 0, M — 0

M M N2 1
M:Nﬂﬁp(3+a—) :>XE(6 ) ONp
V B=0

0B T 1-BNp@2a)V  T-T,

i F 3
Vi tanh ful

/
/

=
Y-

Microscopic Model

Consider two neighbors of spin 1/2, total spin is S = 0, 1 with energy difference which defines
the "exchange energy” J. The requirement for an antisymmetric wavefunction requires a
symmetric orbital for the singlet S = 0 and antisymmetric one for the triplet S = 1, hence

a large energy difference from the difference Coulomb interactions. Hence J is much larger
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then that of interacting magnetic dipoles. Consider

—3/45=0
= b(ErRr R =ty -3 g=q 70
1/4 S=1
= Interaction energy = —J >  5;-5j+const (n.n. is summation on y nearest neighbors).

/ o e
> means that each pair is summed once.

If the crystal has an easy axis for the spin, §; — (s.);, hence two models:

!/
H = —JZ 5;-5; & spin operator: Heisenberg model
(6,3)

/
H = —JZU,-Jj o; = £1: Ising model.
(6,3)
Solution of the Ising model by mean field:

HM = 1]~ (o) Z o; 7 no. of nearest neighbors.

2

1 is needed so that (HM") = —1NJy (0)?, N7 no. of bonds. (e.g. N/27”0dd” sites each

generates v bonds.)

J{(o o;/2
S giefrliolei/2 3 eﬂ7 .o
_ /o _ oi=% {ojzi} . 1
(o) = (o) = ERGTE ey oy — tanh (8773 ()
it e J#i
{oji}

— k1. = %Jy.

3c. Exact results

Mapping between systems

1. Lattice gas model to Ising

N, atoms occupy sites in lattice with N cells; N,, number of nearest neighbors, each with
energy €g, g(Na, Nyo) is the number of configurations with a given N,, N,, (a non-trivial
function). Grand partition

Lo = Z CNa Zg (Nm Naa) eBeoNaa
Nq

Naa
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Canonical partition of Ising has the same form:

Ny no. of + spins, Ny, no. of ++ neighbors. Draw one line from all + sites to all their

neighbors:
Number of lines = YN, =2N,, + N, _
same for N._ yN_=2N__+ N, , N, +N_=N

= Y 0i0;=Nys + N__ = N._ =4N,, — 29N, + }9N
(4,5)

 o;=N,-N_=2N,-N

Bugng = ~AINwy 4+ 2007~ uB)N, — (33 — uB) N

7 = N (31778) 37 20T 3V g (NN, ) el
Ny Nyt

Since configuration counting is the same as in lattice gas we get the same function g(Ng, Ny, ),

hence the two problems are equivalent as in the following table:

Ising Lattice gas

N, N,

4J €0

o—26(Jy—uB) ¢

- (%Flsing + %’7] - :uB) P

M=N, - N_, % = % (% + 1) % = UX}” order parameter

2. Binary alloy to lattice gas

Ni1, Nog, N1 no. of pairs of each type

Ea = €N+ €2Nap + €12N12

As above
YN1 = 2Ny1 + Nio
YNy = 2Nay + Nio

Niz = vNy — 2Ny

Ny = 1yN + Ny —yNy
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Ny +Ny =N

EA = (61 + €2 — 2612) N11 + [’}/ (612 - 62) N1 + %’)/GQN] i Z(Nl,T) = Zg (NH) e_ﬁEA

N1
Lattice gas|Binary alloy
N, N,
—€ €1 + €2 — 2619
F F + (€12 —€2) Ny + %762N

Ising Model in 1D: Exact Solution

N
1
ﬁJZO’kO'k_H + §ﬁ/JJB Z(O’k + Uk—i—l)

Z:ZZ...Ze k=1 k ;01 =O0N41

Ol=%4 02=+ ON=+

Consider the bond (k, k + 1) with the elements

e 5J0k0k+1+%5MB(0k+0k+1)

This element can have 4 values for o = 4+ and oxy; = 4. Call these elements
Piy,P_1,P_11,P_1_; and define a matrix
P, P eB(J+uB)  o—BJ

P = —
Py Py e Pl fJ-nB)

Note that P is symmetric by the choice of o} + 041 for the B term in the Hamiltonian.
P is defined in a spinor space |£), e.g. (+|P|=) = P, _1.
E.g. for N = 3 the partition Z has 23 terms, one of them is

~

1111 = PiiPi_1Pyy = (+|P|+)(+]|P|-)(—|P|+)
In general we need

Z= > (UP]2)... (k|P|k+1)(k+1|P|k+2)...(N|P|N +1)
all |i)=|%)

= Y PV = Tr(PY) =AY 4+ 0

o1=onN==%
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A1, A are the eigenvalues of P: A2 — 2)\e” cosh (BuB) + 2sinh (26J) =0
— Ao = e cosh (BuB) + [e72%7 4 2 sinh? (BuB))>

Ay < A, N — oo, A dominates, hence % InZ — In A; and is an analytic function (except
at T'=0). For the magnetization we have

_ 10 _ sinh (3B)
M=5opZ =Ny [e=497 4sinh? (BuJ)|2

— M(B=0,T>0)=0, M(T=0)= Nusign(B), hence an ordered phase is only at
T = 0. The susceptibilty:

2 . . .
X =g = é\;—“Te?J/kBTh_,O — oo indicates ordering at T' = 0.

No phase tradition in 1-dimension — general argument:

Low energy excitations are walls T17|] ]|, energy is 2.J (relative to the ground state), while
entropy is S = kg In N since the wall can be positioned at any bond.

— F=FE—-TS=2J—kgTInN <0 = no long range order in 1-dimension at any finite

temperature.

2D Ising model: Onsager’s solution (1944)
KT, =2269J
M ~ (T, — T)'® near T.

C’vw—ln(l—%)

3d. Landau’s Theory for second order phase transitions

Y

Partition sum is done first locally to define a "‘coarse grained”’ order parameter, slowly

varying. F{M(r)} is determined by symmetry for small M (r), i.e near a 2nd order phase
transition. Coarse graining involves a finite cluster = F{M(r)} has an analytic expansion.

For ferromagnet, M — — M, symmetry+analiticity =
1 9 1, 1 =
F{M(r)} = ia(T)M (T) + ZbM (T) + EC(VM)

where a(T') = /(T — T,) so that in Mean Field the transition occur at 7.
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Mean Field: M(r) = M is homogenous, no fluctuations.

IE — 0= M=,/%(T.-T)

oM
F
a/2

F = _%IT(TC_T)Z T<Tc \/Tﬂ—c

0 T > Tc \/\-/ T<Tc

M
S = —g—? continuous (S < 0 at 7' < T, needs correction by fluctuations, see below.)
Cvt
cy =T has a jump, and is ~ (T, = T)° at T < T..
Consider next B # 0 and add —M - B to F":
- T
Tc

T>T. (T-T)M—-B=0= =Y~ i

T=T., bM3-~B=0= M~ B3
Consider fluctuations at 7' > T.: neglect M*, M(r) = V=123, Mye*™
[F{M®)}d*r = 1>, (a+ ck?)|M,,|? since [ e*m+* @3 =V §_ .. Note that M_;, = M}

for a real M(r).

The weight of £k modes is e #@T*)IMil*  The correlation function is then

) 2 7B(a+ck/2)|M K
— -1 - ikr _ —1 ikr fd ReMy)d(ImM, /)| M|e .
< M(r)M(0) >=V='Y, < MyM_j > e Ve I [ d(ReMy)d(ImM, e~ Ptk 01

—B(a+ck?)|My|? 0o
_ /-1 zkrfd ‘Mk 2)‘Mk’2 ek _ zkr —B(a+ck?)z
=V Zk ¢ [ d(| M, [2)e=Blatek?) M P =V Z Bla+ ck:2)) n 0 due

zkr kBT
- e /¢
< M(r)M(0) >=V~ Zﬁ (a+ck?) dAmre’

1

where £ = \/g ~ (T — T,) 2 is the correlation length. Consider next the free energy

z=11 / d| My [Pe PO TT(5(a + ck?)] !
k k
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= F = kBT[Z In B(a + ck?) + const.]
k

Therefore
0?F
Cy = -T—
V - i d<a
1/ao ddk CV ': .:
~ / CEIE + less singular terms. L
a+c :

ap is a lattice constant, d=dimensions. Using k' = &k

3 Tc

1 ag ek _d d—d d—4
CVNE/ mf ~ETIN (T -T) 2

Validity of mean field:

(M2(0)) << (M)*; evaluate at T > Tc (similar result at T < T,) :

4 -1 d—2 _
ML) ~ [ sty ~ [ ey ~ (V&)™ ~ T = T[40

Comparing with (M)? ~ (T, — T) shows that mean field is valid at T — T, if d > 4.
At d <4 mean field breaks down at T — T,

Critical exponents:

t = T;CT“, T > Tc; for exponents (a/v'v'  t = T”T_CT, T <Tec
Exponent Definition Mean Field| Fe
a,a/ Specific heat ¢y, ~ t7¢ 2—-d/2 | —0.12
16} Order parameter ~ t” 1/2 0.34
v, Susceptibility x ~ t~7 1 1.33
J Order parameters at T, ~ B'/° 3 4.2 (Ni)
v,V correlation length & ~ t7 1/2
n at T, ( M(r)M(0)) ~ 1/rd¢=2%n 0 0.07

Universality: exponents depend only on symmetry of order parameter and dimensionality.
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Scaling assumption:

¢ is the single length responsible for singular behavior.

= obtain relations between exponents.

e.g. (M(r)M(0)) ~ =9(r/€)  at T.need g — g(0) #0
In terms of [, integration on all configurations M (r), and the Hamiltonian H we have for
the susceptibility

= A 0 Jy MORPTTINOBTD, [ MOM)dtrem P
X B 1B—0 oB fM e—B(H—[ M(r)Bddr) B=0 fM e—BH

= J (MOM(r) d'r

since at T' > T, the (M)p—o =0 term vanishes (from 0/0B of denominator.)

X ~ [rotg(r/€)dir ~ ETIETLL (1)
= 7 =v2-n)

Renormalization Group:

Consider the 1-dimensional Ising model Z = Zak: n el Lk ok

Sum on all even sites to obtain a new form for Z

Zaz eﬂ(JtTle + Jozo3) — eﬁ(a’ + J'o103)
e o103 = + case: 2P 4 728 — ld'+J)P
Identify o', J" by two cases: oo
0103 = — case: 2 = e (@=J)8

odd i ;=%

with the renormalized coupling J’ given by e ~247

_ 2
- e 2[3J+e —28J

At T, & — oo H isscale invariant, i.e. J = J = T. = 0.
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4. NON- EQUILIBRIUM

4a. Kinetic theory and Boltzmann’s equation:

f(7,v,t) is particle density in phase space d®rd®v.  In absence of collisions
PG — 74 t, U+ Lot
so that volume A moves to an infinitesimally close volume B with f changed only by collisions,

FOF+a6t, T+ L5t t+6t) — f(7T8) = (X)eudt

Effect of collisions: If one initial particle is in A the result is certainly outside A (up to the

differential volume of A) — this is a loss term; conversely with one final particle in B,

Rétd3rd?v = no. of collisions with one initial particle in A

Rétd*rd®*v = no. of collisions with one final particle in B [= A + O(6t)]
(%)eudt = (R — R)dt

Assume binary collisions (dilute gas) o7 , v5 — 07, 03’

— — —/ —/
v1t+v2 = U1+ v

-2 -2 —/ 2 —/ 2
V1 + v = + v

Define V = %(v_iqu_é) , U = Uy — 17 V' o= %(v_i + Uy
= V=V, |4 = |7

A collision is defined by an angle 2 in the center of mass, i.e. between u, u'. 17, i, ) are
independent parameters which determine % , .

Consider @ — @ + di , as  is fixed (i.e. d2 is independent of d®u).

For @' — 4’ + du the triangle (@, @ + du) is similar to (@', @' + dud’), hence |du'| = |dul]
Choosing an orthogonal basis set diiy, dis, dis it transforms to a rotated orthogonal basis

with axes equal in magnitude, hence d®u = d3u’

Since &V = &V = dPoidPuvy = dPvidPu).

Assumption of molecular chaos: This is the central assumption of the Boltzman equa-
tion.

The number of pairs with velocities (v1, v3) about to collide is the product
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f (7 01, ) drd®vy - (7,05, t)d>rd>vy

29

i.e. both particles "do not know” about each other until they collide, hence no correlation
before the collision.

The scattered flux of v5 hitting v7 is

I= /d3U2/dQJ<Q) |01 — 03| f(7,03,1)

where o(£2) is the scattering cross section.
f(r,v1,t)dv; is the number of target particles, therefore Rd*v, = f(7,v1,t)dvy - I
For R define a collision by variables "071, v_’; — 07,05 so that vy € A.

The scattered flux of vy on v is

- [ [ aovi0) 0kt = [ 0, [ d0o(e) |51 -l 57,

using microscopic time reversal ¢’(§2) = o(€2) (spin and internal quantum states are ne-

glected).
F(7 00, t)d30] is the number of target particles (no integral since (v}, vl, Q) determine v}).
Therefore, Rd3v, = f(7,v], t)d3 - I'.

Since d3vyd®vy = d®v|d>v), the probability for the reverse collision process is

— /dgvg/an(Q) |67 — 03] f(F, 0l t) f(7, 0], 1)

Hence Boltzman’s transport equation:

- 1 —

(= +01-V, + EF Vo ) f(F 01, 1) =

/ o(9)d / By |61 — 63| (7,0, £) J(7, 00 £) — J(7, 3, £) (7,57, )

Time reversal would imply that f(7, —v7, —t) also solves this equation. However, changing
t — —t, and all ¥ — —% in this equation, the left side changes sign (acting on f(7, —v1, —t))
while the right hand side does not change sign (acting on f(r, =¥, —t) with the various v).

Hence time reversal, although valid on the microscopic level, is broken on the macrospcopic
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level. [If t — —t and also v; — —12 the equation is invariant, i. e. reversing the order of

colliding particles; assumption of "molecular chaos” looses this symmetry.]

Consider the case with no external force F' = 0 and no 7 dependence (e.g. no density waves).

In equlhbrlum = 0, therefore the right side is equal to 0 for all vy, which requires

fv2) f(vr) = f(vg) f(v})

hence In f(7) is conserved in all collisions. The conserved quantities are momentum and

energy, therefore

Inf(@)=A+B-T+c-(0)>=—bT—10)>+Ina

which is the Maxwell distribution (up to a center of mass velocity).

Boltzman’s H theorem

As a candidate for entropy, Boltzman defined the function H(t):

= / f(@,t) In[f (v, t)]d*

where f(,t) is a solution of Boltzmann’s equation.

We show now that %t(t) < 0 so that H(t) decreases with time. Define as a shorthand

fi = f,1) fo= f03,1)
fi = f),t) fy= F(vh,t)

Thus we get:
8f1 /d3v2/d90 )01 = 03| (fofi — fafr)

ddi] d3v2/d3v1/an ) |01 = o3| (fofl — fof1)(L+1n fr)

by changing vy <> v9, using eq. for ‘98];2 and taking 2 3 of both, we get

T %/dgvlfdgvzfdﬂa(ﬂ) |05 — 01| (f3f1 — f2/1)[2 + In(f1 - f2)]
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ofi 0f
ot 0 ot

dH 1
E = §/d3U1/d3U2/dQOJ(Q)

And finally, adding the last two equations

Now, using equations for ie. fl < fi we get

(fofr = /D2 +In(fi - f5)]

7 7
Uy — Uy

LB / dv, / &, / A0 () |63 = 01| (F4f] = fofo)In(f1 - fo) = In(f] - f3)
Since (z — y) 1n§ > (0 for all x, y we have
— <0 (3)

In equilibrium f}f] = fof1 and % = 0.
Therefore, a candidate for entropy is (—H) which increases with time and is maximal in
equilibrium. [Note that f(r,v,t) is coarse grained by the assumption of molecular chaos,

therefore initial velocities v; and final velocities v} are distinguished].

4b. Brownian motion

Brown (1828) - the random motion of pollen particles in a solution.
Einstein (1905) - random walk problem.
Consider one dimension: P,(m) is the probability of arriving at coordinate m after n steps,

i.e. one needs 3(n + m) steps to the right and 3(n — m) steps to the left,

n!
S+ 5 Gr— ]

) = (3)"
P,(m)=1
Averages: m = 0, m? = n. For m < n (since Vm? = \/n < n)) and using Stirling’s limit

where 1 is the equal probability of going right or left. Normalization: )

m=—n

we get:

2
Pn(m) ~ 27Tn67m2/2n

;

Defining x = ml (I is a step size in space) and t = n7 (7 is the time for each step)), we get



— 2
2——15—2Dt

so that D = == is the diffusion coeflicient.

In this continuoum form

P(ac) _ 1 efx2/4Dt
A Dt

In general, D is defined by the linear response:

If there is a gradient, then there is a current which responds to reduce this gradient.

The continuity equation is V - j + n(r t) = 0. Taking a gradient yields

1 on(7, t)

Zn(7 t
Von(r,t) — D o

This is the diffusion equation. The solution with an initial value n(r,t = 0) = N§3(r) is

N 2
n(Ft) = ————e " /4Pt
(1) (47 Dt)*/*

with [ n(7,t)4mr?dr = N. This solution shows < r( ) >=0 and

1 o
< (F(t)? >= N47T/0 n(7, t)rtdr = 6Dt

Langevin’s equation

A particle of mass M is immersed in a medium which produces a random fluctuating force

MA(t). A(t) has time correlation <ff(t + T)/T(t)> which decays fast with 7.

The correlation time 7., is the time between collisions of medium particles and the particle

of mass M. The medium leads also to irreversibility, i.e. friction.

U= —y0+ A(t)
1/~ is the time scale for approaching equilibrium (see below).
We assume 7.,; << 1/ so that the average on the distribution of random forces is </T(t)> =
0, while (A;(t +7)A;(t)) = 1C - 8(7)8;5, ie. (A(t+7)- A(t)) = Co(T).
Note that <ff F> = 0, while <ff 17> # 0 (exercise).
Evaluate now (r?) assuming that the particle is in equilibrium at temperature T, %M (v?) =

%k‘T:

57



Foi=—r

- 1 d2 2 2 - — e

U= Soar =7 (= + A)

= average : d—2 (r*) + 4 (r*) =2 (v*) = 6kT/M
‘ dt? Tt

—6th + ¢+ e
"}/M 1 2

Initial value #(t =0) =0 = 4y2 =277 =0 at t =

4
7~
=

(]
~—
I

t<<1/y (r*) = (v*) * ballistic
6kT

t>>1 r? ——t  diffusive
AR Uiy
Friction + is related to diffusion D, D = ,f—]\j;[ v is also related to mobility p - responce to

constant force | e.g electric field E for particle with charge e.

—

U= —y 0+ A(t) +

=

In steady state =0 = (v) = eE/yM = uE

D =kTu/e Einstein’s relation

So far the random force A was not explicit. Consider next the velocity fluctuations. We

assume now E = 0; if F/ # 0 one needs just to shift ¥ — v+ eE/My.
¢ —
7(t) = 9(0)e " + e‘”t/ e A(u)du
0

() = 7(0)e ™™

g(1—6_27t)

=
t t
<U2(t)> — 1}2(0)6_2%—1—6_2%/ / 6’7(u1+u2) <A(u1)A(uQ)>du1du2 — U2(0>€—2fyt+ 5
0 0 Y

¢t — oo should have equilibrium ;M (v?) = 3kT = C =6kT~/M.

Strength of fluctuating force ~ ~, both fluctuations and friction are due to the medium.
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(02(1)) = 2(0) + (5B 2(0)(1 — )

General solution for (r?) (v?(0) # 3kgT /M)

1 () v (1) = 240%)

1 _ 3kpT _ _ 6kpT
= (r2) = —2(0)(1 — e )2 — 1—e ")(3—e — =t =
(%) = SO =7 = (= e B e + S
v2(0)8% + O(t3) t<<1/y
G%Tt t>>1/y
Integration Path
Velocity correlations: K,(7) = (v(t)v(t + 7)) £

— 1)2(0) —v(2t+T) +e (2t+7) fo t+7 (u+u')06(u . u/)dudul _

F
F}
»
»
-
.
’
.
.

B v2(0)e—’7(2t+7') + %6—7(2t+7—)(627t _ 1) 50
v2(0)e 7)1 %ew(%w) (X)) <0
3kT
= Kv(T) = U2(0)e*’vl'r\ + (W o UQ(O))(ef’YIﬂ . 677(2””))
3kpT
- ]5[ Pl at long times t+71,t>>1/7.

Note that replacing v2(0) by its equilibrium average yields K, (1) = (3kgT/M)e™ "l at all
times t.

Reaching equilibrium at large times K,(7) becomes t independent = stationary medium.
Note that for correlations of just one component, e.g. v,, we have

K, (1) = (v:(0)vg(7)) = %e”'ﬂ.

Below the Fourier transform is needed:

_ 2kpT
Kv uqu
/ ! M w? + 72
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4c. Fluctuation Dissipation Theorems (FDT)

General properties of averages of stationary medium

Consider a variable x(t) such that K,(7) = (x(t) - z(t + 7)) is independent of the time t.

K,(0)>0; ([a(t) £ 2t +7)]2) = 2[K,(0) £ K,(r)] > 0

T—00

it follows that |K,(7)| < K,(0) is a decreasing function, and usually K,(7) — 0. Also
K. (1) = (z(t — 1)x(t)) = Ky(—7), with shift ¢t — ¢ — 7.

Consider now the Fourier transform z(w) :

B(t) = [, alw)e 1

—00 21

For a precise derivation one needs z(t) to be finite only in the interval [—% %] The spacing
Aw between distinct w values with cos(wl) = 0 or sin(wl) = 0is Aw = 27, (See Wannier
p. 481). For T' — oo consider
= [ dw [ dw'e” =) (p(w)z(w)) /(27)°
Since this is ¢ independent, perform the integral [ %
= [dw [ dw' Z5(w +w)e —iorr {2 Aw [ dw(|z(w)|*)e T /(27)?

@m?

This is the Wiener-Khinchin theorem:

®,(w) = [ (a(t)a(t + 1)) e 7dr = 52 (|Jz(w)[")

<|x(w)|2> is called the intensity, or the power spectrum of x.

As an example, consider Langevin‘s equation:

(miw + W) = AW) = o) =

D4 (w)

from the theorem above ®,(w) = Sy

which is consistent with previous result: ®,(w) =

2kBT 9l _ Qk‘BT’y . .
TR and ®4(w) = =21, the latter corresponds to white noise.

Note also that —iwz(w) = v(w), hence
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Dissipation and Response functions

An external force adds the Hamiltonian term —F'(¢)x. The Hamiltonian becomes:
H = % + V(x;env) — F(t)x

where "env” stands for the coordinates and momenta of the environment. For an explicit
system + environment see the Appendix.

The equations of motion are:

. _O0H _ p y— _0H _ _ 0V — my
x_ap_m’ b= o d:v—{_F_mx

hence F'(t) is indeed an external force.

The rate at which the system’s energy changes is

=0

[P— U —
JH (3H
dH . g o0H dF

where the sum of the first two terms on the right hand side vanishes by Hamilton’s equations
for x, p; the ... terms are similar derivatives with respect to the coordinates and momenta
of the environment which also vanish due to their corresponding Hamilton’s equations.

The dissipation rate is the rate of energy absorption from the external source, averaged
on time. This includes an average on the enviorment (z(t)) (e.g. on the random force in

Langevin’s equation) and on the explicit time dependence in F'(t), hence

dE (z) dF
— = — () —
dt dt

The dissipation rate can be expressed in terms of a response function «,(w) where the linear

response at small forces F' is defined by

It is more compact to consider a single frequency F'(t) = % foe ™t + % fee™t (although a

Fourier sum can be added)

(x(t)) = %am(w)foe_i‘”t + %a;(w)foem with o (w) = a,(—w)

The dissipation is then:
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dE - OF w . . . . 1w
L <a> = Tl foe ™+ o) e oo — Je] = — 2| fofave ()03 ()]

= =l ff o)
Consider now the specific case of Langevin’s equation, where the environment leads to
friction and random force terms. Averaging on the random force,
M (—w? —iwy) (x(w)) = F(w), hence the response has the same frequency as the source and

the response function is

_ e(w) —1
~ (W) = Fw)  M(w?+iwy)

Yw

The dissipation rate is therefore proportional to Ima,(w) = M

Comparing with ®,(w) we get the ”Fluctuation - Dissipation theorem”:

d,(w) = 2L Ima, (w)

Note: same result holds for ®,(w), a,(w) with an external source term in the Hamiltonian

—F(t)p/M (exercise).

In conclusion, ®,(w) — are fluctuations in absence(!) of external force.

a,(w) — linear response and energy dissipation due to external force.

Applications

1. Kapplers experiment (1931) : fluctuations in angle 6 of a mirror suspended on a fine wire

with a restoring force <%C’92> = %kBT — determine kg. Note : Variance is independent of

gas density. Equilibrium is achieved after time > 7.,,1/7.
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Low density: rare strong deflections High density: frequent weak deflections

2. A square vane of area lem?, painted white
on one side and black on the other, is at-
tached to a vertical axis and can rotate freely

about it as shown. Assume that the vane can C

support a temperature difference between its

Y

black and white sides. Suppose the arrange-
ments is placed in He gas at room tempera-
ture and sunlight is allowed to shine on the

vane. Explain qualitatively why : (a) At ex-

tremely small densities the vane rotates. (b)
At some intermediate (very low) density the
vane rotates in a sense opposite to that in (a);

estimate this intermediate density and the cor-

responding pressure. (c) At a higher (but still

low) density the vane stops.

Answers :

(a) Radiation pressure on white > black.

(b) Black heats up and nearby hotter atoms exert higher pressure. Gas is in local equilibrium
with density n > lem ™.

(c) Viscosity is effective at 7., << 1/ and global equilibrium is achieved.
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—— E A ey NN
3. Electrical circuit:
LY = —RI+V(t)
V (t) - voltage fluctuations

Johnson noise (1927)

Nyquist theorem

Langevin analogy: %= = —yu, + A, (t) => v — R/L

Correlation of A is determined by M (v2) = tkpT = M=t TL(I?)

L
_ 2%ksT & kT R/L  WS<<R/L g 1
CIlugc(w) =M 2 @, (W) = L @2 (R/L? R

Dy ) = 28— i)y (w) = 22LE => @y () = 2kpTR

K(T*O) fq)[ o

Fluctuations measured in interval wy < |w| < wy : (AI?), =2 [ ®;(w)%. The factor
w1
2 accounts for w < 0.

<AI2>w1<—>w2 = 2:—%’11 (Cdg - wl) [WLQ << R/L]
<(5V2>W1Hw2 = Z]i]BTR ((.UQ — wl)

4. Brownian particle : 7y response time of eye, i.e. only frequencies |w| < are observed.

2w /1o

(2 = ol =0 =2 [ 00 (0) & = 2 (22)

— ~ 6 M 1 kBT
m 107 = (v2),,, ~ =& =7 <<

i.e instead of \/kgT /M ~ 10~'cm/ sec a small fraction of the fluctuations is observed

(V2) pe = 107 cm / sec.
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Fluctuation Dissipation Theorem (FDT): quantum version

Fluctuations
Consider a system in equilibrium, no external force. For Z (¢) (Heisenberg representation)

define a symmetrized correlation

K(r)=z@@®)zt+r)+zt+71)2(t)).

DO | —

where a subscript x is omitted here, for convenience. The symmetrized correlation involves
a hermitian operator and has an obvious classical limit. note, however, that there are FDT’s
for non-symmetrized correlations.

Note that K (1) = K (—7) and K(7) is real. The average is defined by

()= (n]...|n)e """ /2.

n

where Z =Y e #En is the partition sum.

Introduce a unit operator > |m) (m| = 1 and define (time independent) matrix elements
m

Tmn DY
(n| & (t) |m) = e/ Fn=Emltityg,
Therefore

K (7_) — % me ez’(EnfEm)t/hxnmxmnei(Em—En)(t+r)/he—ﬁEn + (t ot 7_) —

1 —iw 2 .—BE _ E,-E
=55 Zn,me T\ 2|26 TP + coc. where Wnm = Zomm

d(w)=[K(r)e¥dr =L > e Fbn |9cnm]2 [0 (W — wWum) + 0 (W + W]

n,m

Interchange n <> m in the first § (W — wpm),

d (CU) = % Z (e_ﬁEm + e_ﬁEn) |xnm|25 (w + an) -
= % Z e FEn (e_ﬁ(Em_E") + 1) ’xnm|25 (w + w"m) -

=Z (1+eP) 3 e Pl |Z |0 (W 4 Wom)

Dissipation

Add coupling to an external force, F(t):



We use here Shrdinger’s representation to avoid the form Hpy(t) # H(t). The response

function a(7) gives (Z(t)) in terms of F'(t — 7) at all previous times, i.e. 7> 0:

(z(t)) = /000 a(T)F(t — T)dr.

Assume, without loss of generality,

1 —iw 1 * W
F(t)zéfoe t+§f0e £,

Therefore

G0 =5 [ ar) [ 4 gt ar

The Fourier transform is

a(w) = /000 a(r)e”’dr  (a(r) =0 for 7 < 0),

therefore

(@(0) = sa(w)foe ™ + Za(—w)fie

since a(—w) = a*(w) [a(7) is real]. In terms of the density matrix p(t) corresponding to the

full Hamiltonian H, the dissipation rate is

dE d T OH

= i (pH)} = S Te{[p. H]H} +TT{P§}
_OF, _OF
TR

(4)
()

where the equation of motion of p is used, as well as the cyclic property of the trace. The

result is formally the same as in the classical case, except that (Z) is a quantum expectation

value.

Using the response function and averaging on time,

O = 5 (@) foom + =) fyor) = (foomit — fiei),
d_E .
= S = 2P a) + " @) = 1ol mla(w)]
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Therefore wlm|a(w)] measures the dissipation rate. Since this is positive

Im[a(w)] >0 for w > 0.

Golden Rule for the Dissipation

The rate of transition between states at time 7T is

1 2

h2

1_
T

Wh—m =

/ (V' |n)dt

1 2

hZ

1 w)t
. WWmn — dt
T‘/e

T/2
_ _/ —i(Wimn— w)t[Qﬂd(wmn — w)]dt = 27T(5<wmn - W)-

T/2

N[ =

1 - —iw * W
5 [ e[ B (o )]

We note that

2 T2 T/2 /
— / e —i(Wmn— tdt/ ez(wmn—w)t At =
—T/2 T/2

= Whom = |f0| ’xmn| [6(wnm — w) + (wnm + w)].

2h?

The energy dissipation rate can now be calculated

T 1 _
ﬁw|f0|22 > e P2 P[5(w + W) — 0(w — Wi )] =
= elhlP Z B — )| P (w + nim)-
Noting that

e PEn _ o= Fbm — =FEn (1 — e_ﬁ(Em_E”)) = e PEn (1 — e_ﬁ“’m")

bl

and using the ¢ function with w,,, = w, we get
W|f0| (1—e™) Ze*ﬁE”lxnm%(wnm + w)
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1
= Im[a(w)] = %(1 — e ) Y e PO (o + ).

n,m

= | ®(w) = hcoth (34hw) Im|a(w)]

The coth (%ﬁhw) can be interpreted as the mean fluctuation of an oscillator coordinate:

(22,.) = N (a+ah)?) ~ ﬁ + 1 = coth <%67w) :

C 2mw

Note that in the limit 2z — 0 (i.e. for kgT >> hw) the quantum FDT becomes

2kgT
—

B(w) — =

Im[o(w)].

which is our previous classical FDT.

4d. Onsager’s Relations

Onsager’s relations (1931) consider the response to deviations from equilibrium. The re-
sponses are measured by a flow processes #; in coordinates x; (e.g heat flow, electric current,
mass transfer, etc.), while the deviation from equilibrium corresponds to "forces” f;, e.g
gradients in temperature, potential, pressure, etc. The forces f; can be external ones, or
they can form spontaneously as a fluctuation.
If the system is close to equilibrium, we assume a linear relation between the forces and the
responding currents:

T = Yij [,
where summation convention is used (i.e. repeated indices are summed). ~;; are known as
kinetic coefficients. [In general, however, the relation is non-local in time and can be written
as @i(t) ~ 1 it — ) f;(t))dt']
We consider x; as coordinates of the entropy S so that the forces are f; = 05/0x;. For small

deviations from equilibrium values z; we expand near the entropy maximum

S =S(z) - %ﬁzj(ﬂ?i = Z;)(z; — 7y)

98

= —Bij(z; — T5)
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& = =Bk (@K — Zi) -

Consider
foo 0o Bij(@i—2:)(x;—2;)/2kp
—oo ¥ Ox;

(ifj) = kg T oo a(a; )/

where the +o00 limits are allowed due to fast convergence.

By partial integration (z;f;) = —kpd;;
= (Tix;) = Yir (fer;) = —kpYij-

This is a type of FDT — the fluctuations (&;z;) are related to the dissipation ~ ~;;.
Consider (z;(7)z;(0)) with microscopic time reversal (dissipation ~ ~;; and irreversibility

arise after average on the environment, or on the ensemble.)

(2i(7)2;(0)) = (2:(=7)x;(0)) = (2:(0)2;(7))

where in the second form both times are shifted by 7, allowed in equilibrium.

o = (#(0)a,(0)) = {r:(0)2,(0)) =

These are Onsager’s relations.

Define ~
- . OF

F = 5vififs = Ty = a7,

. 0S . . oF ~

S = a—xzﬂﬂz = fiti = fza_fz =2F

S >0, hence F > 0 for all choices of f;, therefore the matrix 7ij 1s positive definite.

A few more properties of v;;:

In presence of a magnetic field B time reversal involves B — —B, hence v;;(B) = 7;i(—B);
e.g. for the Hall conductance o,,(—B) = 0,.(B).

In presence of angular velocity €, similarly, v;;(€2) = 7;;(—).

Furthermore, if for some coordinate x; — —x;, x; — +x; under time-reversal, then

Yii = —Vji
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Alternative derivation:
Consider f; as external forces with a Legendre transformed entropy S — S = S — (x; —Z;) fi
Since f; = 25 = dS = —(z; — z))dfi, ie. S =S(fi).

Weight of a configuration is now

eg/k‘B — eS/kB*(mi*ji)fi/kB
here S = S{x;} has all orders of z;.
(i) j—o = 0, i.e. flow is only in response to f; # 0.

() = e e [ 6L — (2; = 3,)fy /Kl
o JeSthemleEIi/ks JeS/ke[1 — (x5 — 25) £/ k]

o= — <iti$j>0 fj/k3+0(f2>

Here linear response is explicit = v;; = — (&), /kp as above.
(#;5), is evaluated with f; = 0 and microscopic time reversal can be used as above

= Vig = Vji

Application: Bi-metal junctions

Ty o) LT,

s&n |

Using Fy + E5 =const, and ()1 + ()2 =const we have
dElHQ - —dE1 — dEQ, dQlHQ - —dQl - dQQ

and since dF = T'dS + Vd(Q we obtain

dEy,  dEy, Vi Va 1 1 Vi W
ds = L8 e 0, = dB s [~ ) £ dQ (2~ 2
T T TR A s \5—3( T1+T2> +£££(73 TQ)
1 N—— )
1 fo

: 1 1 Vi Vo
By = S I LR
12 7“( T T2> e (T1 T2>

Or RS Vi W
1—2 = 721 T T, Y22 T, T,



Seebeck coefficient ¥ is defined by AV = WAT in an open circuit, i.e. Qs = 0:

Ty —T;
%_%:E#:} g — 121
Yoo T Yoo I’

(to lowest order in gradients)
Peltier coefficient II, corresponds to T} = T5 and is defined by

E=TQ= I=212
Y22

V1o = Vo1 = II = =TV This is Kelvin’s relation.
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Appendix: Langevin’s equation from a Hamiltonian

This appendix considers a microscopic model for an environment that produces the dissipa-

tion v and the random forces £(t) in Langevin’s equation

. A%
mq+7q+a—q—€(t)-

The derivation is based on Caldeira and Legget, Ann. Phys. 149, 374(1983) and provides a
basis for Brownian motion.

Consider a linear coupling of the particle coordinate ¢ to a set of Harmonic oscillators, with
coordinates (); and momenta F;; the linearity is valid when the particle’s trajectories are

sufficiently confined.

2m

P2 N Pz‘2 1 9
H=-—+V(q)+ Z AigQ; + Z oar, TaMi Qi | TAV(q)
i=1 i ¢

~
Coupling of oscillators to a heat bath Bath's Energy

Where AV/(q) is chosen to retain the original minimum of V' (g). Minimizing H with respect

to Q; gives Q; = ﬁq, hence g dependent potential terms appear ZZ a4 2(—1 %) which

we wish to cancel by

)\2
The equations of motion for Q); are

Qi + Q= —%Q(t)em

where retarded response is defined by n — 07, i.e. at ¢ — —oo the coupling to the environ-

ment vanishes. The solution is

dw ezw (t—t")+nt’
(T dt'q
Q’L( ) M / QQ

2 w2 —

where QU is the solution of Q; + Q2Q = 0. Let us shift w — w — i and rewrite

ezw(t t')
. nt
Qi(t) = M /dtq /QW(w—Qi—z’n)(w—i-Qi—in)e

To solve this integral we need to take the upper contour for ¢ > #’ (see figure, so that e

iw(t—t")

vanishes on the upper half circle). The closed contour integration has two poles (see figure)

Gu—t) )]
i dt’ — Y
Qult) = / ot { = |
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and therefore




......
- e P

Hence,

) = @0 -y | " gt sin 9t — )

Ai i ! :
= Q) - M'qu(t) + W/ dt'q(t") cos Qi (t — t')

where partial integration is done, and at ¢’ — —oo we use €’ — 0; in the final form we set

()

n=0.
Equation of motion for ¢(t):

.oV GAV
mi+ 5o+ ——ZAQZ

= — Z )\’iQZQ + ZZ: Mzzlfq(t) N i MZQ?

Note the cancelation of ‘C’?—qv. Define the spectral density as

t
/ dt'q(t")cosQy(t — 1)

T A2
Jw) =53 b - )

so that
LoV o2 > Jw) [t 0
+ /0 dwT/ dt'q(t') cosw(t — t') = g XiQ;

(R ol g

To obtain linear dissipation, as in Langevin’s equation, we assume an ”ohmic” bath

J(w) = yw. Using

oo I)

/ dwcosw(t —t') = ;Re/ W=y = 1(t —t
0 —

o0

we get
mq+7q+—= ZAQ“

We identify now the random force £(t) = — > N\;Q%(¢). Free oscillators evolve as

Q1) = - G0(0) st + QU0) cos
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With random initial conditions we have (Q9(0)) = (Q%(0)) = 0 so that (Q%(¢)) = 0.
For a thermal distribution (classical oscillators)
010 0( ksT
<QZ- (t)Q; (0)> = <(QZ >COSQ 1= 7 QQ cos St

2

A; 2 < J(w)
= (€(t)€(0)) = kBTzi: VAR cos it = %kBT/o dw———= coswt .

w

With J(w) = yw we obtain

(€()(0)) = 2vkpTo(1) ()

i.e. the noise correlation relates to the dissipation ~.

To check FDT, we need to evaluate the response of (t) to a source external to the oscillators
ez (1); this source may or may not be the particle’s position ¢(t). Adding a term —g.,(t)&(t)
to the Hamiltonian, where qe,(t) = qer(w)e ™ the response is then defined by ¢(w) =
(W) Gex(w). Since ge,(t) affects the equation of motion for Q;(¢) in the same way as ¢(t) in
Eq. (*) above,

£t) = M, QQ — 5 ex(t Z v (22 / At Ger (") cosQ(t — 1)
2 o0 / ) 2 00 1 t - )
— _/ dwu](‘*/) )qex(w)e—zwt—&—nt + _/ dw/L("j)/ dt/e—zwt +nt COS[w/(t . t')]iwqez(w)
™ Jo w ™ Jo w oo

2 < J (W < J(W 1 1 :
—— / du)/ (C‘j ) _ g / dw' ((.U ) ( : + : ) qez(w>e_th+nt ]
T | Jo w 2 Jo WwowFw A w—w A+

Therefore, for a general bath (not necessarily an ohmic one)
Ima(w) = J(w)

For an Ohmic bath J(w) = yw with Eq. (**) we recover the classical FDT. This relates the
fluctuations of the bath to the response a(w) of the bath to an external force.

Note that there is a separate FDT relating the fluctuations of the particle (¢(¢)q(0)) and its
response ag4(w) to an external force, i.e. adding to the Hamiltonian a term —q(¢)&..(¢). For
V' (q) = 0 this was checked in a previous section on Langevin’s equation. For V'(¢) # 0 it is
nontrivial to find either the fluctuations or the response, yet FDT is guaranteed.

We proceed to check the quantum FDT, allowing for a general J(w). Consider the harmonic

oscillator’s creation al and annihilation a; operators,
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h 5 h
—QezHot (ai + aj’) e~ tHot _

Q?(t) = M, m (e_iQitai + eiQita;!')

where Hy = > Qi(azaﬁr 1) is the free Hamiltonian for the oscillators. Hence the correlations

become

L0020 + N0 0) =

h ) ) ) )
= Ry <(e_mitai + emitag> (ai + a!) + <a2- + a;r) (e_mita,» + elQitaZ>> =

— " (9n 4+ 1) cosQ
2M1'Q¢(n2+ ) cos Q;t

I~

Boson occupation n; = <a2ai> = m, hence

Ke(t) = 5 (€(0(0) + EO)E(0) =

= ; CIVESE coth (§5h9i> cos§;it = ;/0 dwJ(w) coth <§67m> coswt

Using J(—w) = —J(w) we identify the Fourier transform

P¢(w) = hJ(w) coth (3Bhw) .
Since the response was found as Ima(w) = J(w), we obtain the full quantum FDT

P¢(w) = hecoth(} fhw)Ima(w) .
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