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11. x′′
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′

t
+ b1y

′

t
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iωt, y′′

tt
+ a2x

′

t
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′

t
+ c2x + d2y = k2e

iωt.

Similar systems arefrequentin the theoryof oscillations(e.g.,movementof a ship or a seaborne
gyroscope). The generalsolution of this linear nonhomogeneoussystemof constant-coefficient
differentialequationsis givenby thesumof its particularsolutionandthegeneralsolutionof the
correspondinghomogeneoussystem(with k1 = k2 = 0).

1◦. A particularsolutionis soughtby themethodof undeterminedcoefficients:

x = A∗e
iωt, y = B∗e

iωt.

On substitutingtheseexpressionsinto theoriginal systemof differentialequations,onearrivesat a
linearnonhomogeneoussystemof algebraicequationsfor thecoefficientsA andB.

2◦. The generalsolutionof the homogeneoussystemof differentialequationsis determinedby a
linearcombinationof linearlyindependentparticularsolutionssoughtbythemethodof undetermined
coefficientsin theform of exponentials:

x = Aeλt, y = Beλt.

On substitutingtheseexpressionsinto the original systemand collecting the coefficients of the
unknownsA andB, oneobtains

(λ2 + a1λ + c1)A + (b1λ + d1)B = 0,

(a2λ + c2)A + (λ2 + b2λ + d2)B = 0.

Thedeterminantof thissystemmustvanishfor nontrivial solutionsA,B to exist. This requirement
resultsin thefollowing characteristicequationfor λ:

(λ2 + a1λ + c1)(λ2 + b2λ + d2) − (b1λ + d1)(a2λ + c2) = 0.

If all roots,k1, . . . ,k4, of this equationaredistinct, the generalsolutionof the original systemof
differentialequationshastheform

x = −C1(b1λ1 + d1)eλ1t − C2(b1λ2 + d1)eλ2t − C3(b1λ1 + d1)eλ3t − C4(b1λ4 + d1)eλ4t,

y = C1(λ2
1 + a1λ1 + c1)eλ1t + C2(λ2

2 + a1λ2 + c1)eλ2t

+ C3(λ2
3 + a1λ3 + c1)eλ3t + C4(λ2

4 + a1λ4 + c1)eλ4t,

References
Matveev, N. M., Methodsof Integrationof OrdinaryDifferentialEquations[in Russian],VysshayaShkola,Moscow, 1963.
Kamke, E., Differentialgleichungen: Lösungsmethodenund Lösungen, I, Gewöhnliche Differentialgleichungen, B. G.
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